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Abstract 

We investigate the random dynamics of rational maps on the Riemann sphere C and 
the dynamics of semigroups of rational maps on C. We show that regarding random complex 
dynamics of polynomials, in most cases, the chaos of the averaged system disappears, due to the 
cooperation of the generators. We investigate the iteration and spectral properties of transition 
operators. We show that under certain conditions, in the limit stage, "singular functions 
on the complex plane" appear. In particular, we consider the functions T which represent 
the probability of tending to infinity with respect to the random dynamics of polynomials. 
Under certain conditions these functions T are complex analogues of the devil's staircase and 
Lebesgue's singular functions. More precisely, we show that these functions T are continuous 
on C and vary only on the Julia sets of associated semigroups. Furthermore, by using ergodic 
theory and potential theory, we investigate the non-differentiability and regularity of these 
functions. We find many phenomena which can hold in the random complex dynamics and 
the dynamics of semigroups of rational maps, but cannot hold in the usual iteration dynamics 
of a single holomorphic map. We carry out a systematic study of these phenomena and their 
mechanisms. 

1 Introduction 

In this paper, we investigate the random dynamics of rational maps on the Riemann sphere C 
and the dynamics of rational semigroups (i.e., semigroups of non-constant rational maps where the 
semigroup operation is functional composition) on C. We see that the both fields are related to 
each other very deeply. In fact, we develop both theories simultaneously. 

One motivation for research in complex dynamical systems is to describe some mathematical 
models on ethology. For example, the behavior of the population of a certain species can be 
described by the dynamical system associated with iteration of a polynomial J{z) = az{l — z) 
such that / preserves the unit interval and the postcritical set in the plane is bounded (cf. 0). 
However, when there is a change in the natural environment, some species have several strategies 
to survive in nature. From this point of view, it is very natural and important not only to consider 
the dynamics of iteration, where the same survival strategy (i.e., function) is repeatedly applied, 
but also to consider random dynamics, where a new strategy might be applied at each time step. 
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The first study of random complex dynamics was given by J. E. Fornaess and N. Sibony ([9]). For 
research on random complex dynamics of quadratic polynomials, see [21 |3l SJ [5l [6j [10] . For research 
on random dynamics of polynomials (of general degrees) with bounded planar postcritical set, see 
the author's works [351 [Ml [Ml [33 13i [33 ■ 

The first study of dynamics of rational semigroups was conducted by A. Hinkkanen and G. 
J. Martin ([13]): who were interested in the role of the dynamics of polynomial semigroups (i.e., 
semigroups of non-constant polynomial maps) while studying various one-complex-dimensional 
moduli spaces for discrete groups, and by F. Ren's group ([H]), who studied such semigroups from 
the perspective of random dynamical systems. Since the Julia set J{G) of a finitely generated 
rational semigroup G = {hi, . . . , hm) has "backward self-similarity," i.e., J(G) — Uj=i ^J^i^i'^)) 
(see Lemma |4T] and [26l Lemma 1.1.4]), the study of the dynamics of rational semigroups can be 
regarded as the study of "backward iterated function systems," and also as a generalization of the 
study of self-similar sets in fractal geometry. 

For recent work on the dynamics of rational semigroups, see the author's papers [26]-[39], [41j . 
and [131[11[11[11[1S]. 

In order to consider the random dynamics of a family of polynomials on C, let Too(z) be the 
probability of tending to cxd G C starting with the initial value z £ C. In this paper, we see that 
under certain conditions, the function Too : C [0, 1] is continuous on C and has some singular 
properties (for instance, varies only on a thin fractal set, the so-called Julia set of a polynomial 
semigroup), and this function is a complex analogue of the devil's staircase (Cantor function) or 
Lebesgue's singular functions (see Example 16.21 Figures [21 [H andHJ. Before going into detail, let 
us recall the definition of the devil's staircase (Cantor function) and Lebesgue's singular functions. 
Note that the following definitions look a little bit different from those in [JB], but it turns out 
that they are equivalent to those in [IB] . 

Definition 1.1 ([IB]). Let (/? : M [0, 1] be the unique bounded function which satisfies the 
following functional equation: 

i(/3(3a;) + ^(^(3a; - 2) = ip{x), ^\(-oo.»] = 0, ^\[i,+oo) = 1- (1) 

The function v^lfo,!] • [0, 1] — > [0, 1] is called the devil's staircase (or Cantor function). 

Remark 1.2. The above : M — > [0, 1] is continuous on R and varies precisely on the Cantor 
middle third set. Moreover, it is monotone (see Figure [1]). 

Definition 1.3 ([H]). Let < a < 1 be a constant. We denote by i/jq : R — 5- [0, 1] the unique 
bounded function which satisfies the following functional equation: 

aipa{'2'X) + (1 - a)V'a(2a; - 1) = 1pa{x), '0a|(-oo,O] = 0, ^a\[l.+oo) = 1- (2) 

For each a G (0, 1) with a ^ 1/2, the function La :— ijJa\[o,i] ■ [0, 1] [0, 1] is called Lebesgue's 
singular function with respect to the parameter a. 

Remark 1.4. The function -^q : R — !• [0,1] is continuous on R, monotone on R, and strictly 
monotone on [0,1]. Moreover, ii a 1/2, then for almost every x G [0,1] with respect to the 
one-dimensional Lebesgue measure, the derivative of tpa at x is equal to zero (see Figure [T]). For 
the details on the devil's staircase and Lebesgue's singular functions and their related topics, see 

These singular functions defined on [0, 1] can be redefined by using random dynamical systems 
on M as follows. Let fi{x) := 3x,f2{x) := 3{x — 1) + 1 (a; G R) and we consider the random 
dynamical system (random walk) on M such that at every step we choose /i with probability 1/2 
and /2 with probability 1/2. We set R := R U {±oo}. We denote by T+ooix) the probability of 
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Figure 1: (From left to right) The graphs of the devil's staircase and Lebesgue's singular function. 
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tending to +cx3 G M starting with the initial value x G R. Then, we can see that the function 
2+oo|[o,i] • [0, 1] [0, 1] is equal to the devil's staircase. 

Similarly, let g\{x) :— 2x,gi{x) := 2{x — 1) + 1 (x G R) and let < a < 1 be a constant. 
We consider the random dynamical system on R such that at every step we choose the map 
gi with probability a and the map 52 with probability 1 — a. Let r_|_oo,a(a^) be the probability 
of tending to +00 starting with the initial value x G R. Then, we can see that the function 
T+oo,a\io,i] '■ [Oj 1] ~^ [0, 1] is equal to Lebesgue's singular function La with respect to the parameter 
a. 

We remark that in most of the literature, the theory of random dynamical systems has not been 
used directly to investigate these singular functions on the interval, although some researchers have 
used it implicitly. 

One of the main purposes of this paper is to consider the complex analogue of the above story. 
In order to do that, we have to investigate the independent and identically-distributed (abbreviated 
by i.i.d.) random dynamics of rational maps and the dynamics of semigroups of rational maps on 
C simultaneously. We develop both the theory of random dynamics of rational maps and that of 
the dynamics of semigroups of rational maps. The author thinks this is the best strategy since 
when we want to investigate one of them, we need to investigate the other. 

To introduce the main idea of this paper, we let G be a rational semigroup and denote by F{G) 
the Fatou set of G, which is defined to be the maximal open subset of C where G is equicontinuous 
with respect to the spherical distance on C. We call J(G) := C \ F{G) the Julia set of G. The 
Julia set is backward invariant under each element h G G, but might not be forward invariant. 
This is a difficulty of the theory of rational semigroups. Nevertheless, we "utilize" this as follows. 
The key to investigating random complex dynamics is to consider the following kernel Julia set 
of G, which is defined by Jkcr(G) = Clg^Q g~^{J{G)). This is the largest forward invariant subset 
of J(G) under the action of G. Note that if G is a group or if G is a commutative semigroup, then 
^ker(G) = J(G). However, for a general rational semigroup G generated by a family of rational 
maps h with deg{h) > 2, it may happen that = Jkcr(G) 7^ J{G) (see subsection 13. 5| section[6]). 

Let Rat be the space of all non-constant rational maps on the Riemann sphere C, endowed with 
the distance k which is defined by K{f,g) :— swp^^^d{f{z),g(z)), where d denotes the spherical 
distance on C. Let Rat+ be the space of all rational maps g with deg{g) > 2. Let V be the space 
of all polynomial maps g with deg(g) > 2. Let t be a Borel probability measure on Rat with 
compact support. We consider the i.i.d. random dynamics on C such that at every step we choose 
a map h G Rat according to r. Thus this determines a time-discrete Markov process with time- 
homogeneous transition probabilities on the phase space C such that for each x G C and each Borel 
measurable subset A of C, the transition probability p{x, A) of the Markov process is defined as 
p{x,A) — T{{g G Rat | g{x) G A}). Let Gr be the rational semigroup generated by the support 
of r. Let G(C) be the space of all complex-valued continuous functions on C endowed with the 
supremum norm. Let Mr be the operator on G(C) defined by Mr{(p){z) — J (f{g{z))dT{g). This 
Mr is called the transition operator of the Markov process induced by r. For a topological space 
X, let dRi{X) be the space of all Borel probability measures on X endowed with the topology 
induced by the weak convergence (thus /i„ — >■ in 3Jli(X) if and only if / iy9(i/i„ J ipdjj, for each 
bounded continuous function ip : X ^M.). Note that if X is a compact metric space, then 9Jli(X) 
is compact and metrizable. For each r G 97ti(X), we denote by suppr the topological support of 
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T. Let Tli^c{X) be the space of all Borel probability measures r on X such that supp r is compact. 
Let : Miit) -J- 9Jti(C) be the dual of M^. This M* can be regarded as the "averaged 
map" on the extension 97li (C) of C (see Remark I2.21|) . We define the "Julia set" Jmeas (t) of the 
dynamics of M* as the set of all elements /i G S[Jli(C) satisfying that for each neighborhood B 
of fi, {{M*)"\b ■ B — > StJli (C)}„(=N is not equicontinuous on B (see Definition I2.17|) . For each 
sequence 7 = (71,72, ■ • •) £ (Rat)'*, we denote by the set of non-equicontinuity of the sequence 
{7„ o ■ • • o 7i}„gN with respect to the spherical distance on C. This is called the Julia set of 7. 
Let T := ®f^^T e S[ni((Rat)N). 

We prove the following theorem. 

Theorem 1.5 (Cooperation Principle L see Theorem l3.14 land Propositionl 4.7|) . Letr G 9Jti.c(Rat). 
Suppose that J-kcr{Gr) = 0- Then Jmeas{T) = 0. Moreover, forf-a.e. 7 G (Rat)'*, the 2 -dimensional 
Lebesgue measure of is equal to zero. 

This theorem means that if all the maps in the support of r cooperate, the set of sensitive 
initial values of the averaged system disappears. Note that for any h G Rat+, Jmeasi^h) 7^ 0- Thus 
the above result deals with a phenomenon which can hold in the random complex dynamics but 
cannot hold in the usual iteration dynamics of a single rational map h with deg(/i) > 2. 

From the above result and some further detailed arguments, we prove the following theorem. To 
state the theorem, for a r G 9Jli_c(R.at), we denote by Ur the space of all finite linear combinations 
of unitary eigenvectors of Mr : C(C) C'(C), where an eigenvector is said to be unitary if the 
absolute value of the corresponding eigenvalue is equal to one. Moreover, we set Bq^t ■— G 
C(C) I M"{(p) — 0}. Under the above notations, we have the following. 

Theorem 1.6 (Cooperation Principle IL Disappearance of Chaos, see Theorem 13. ISp . 

Let T G 9Jti_c(R.at). Suppose that J]^eriGr) — and J{Gr) 7^ 0. Then we have all of the following 

statements. 

(1) There exists a direct decomposition C(C) = C/r©i3o.T- Moreover, dime C/r < 00 and Bq^t is a 
closed subspace of C{C). Moreover, there exists a non-empty M* -invariant compact .subset A 
o/97li(C) with finite topological dimension such that for each 11 G 97li(C), d{{M*)"'{fi), A) — > 
in 9711(C) as n ^ 00. Furthermore, each element of Ur is locally constant on F(Gr). 
Therefore each element of Ur is a continuous function on C which varies only on the Julia 
set J{Gr). 

(2) For each z G C, there exists a Borel subset Az of (Rat)'^ with t{Az) — 1 with the following 
property. 

— For each 7 = (71,72,...) G Az, there exists a number S = S{z,^) > .such that 
diam{'yn ' • ' li{B{z, S))) — )■ as n 00, where diam denotes the diameter with respect 
to the spherical distance on C, and B{z,d) denotes the ball with center z and radius 6. 

(3) There exists at least one and at most finitely many minimal sets for (Gr,C), where we say 
that a non-empty compact subset L of C is a minimal set for {Gr,C) if L is minimal in 
{G C C I 7^ C is compact, '^g G Gr,g{C) C C} with respect to inclusion. 

(4) Let Sr be the union of minimal sets for {Gr , C) . Then for each z G C there exists a Borel sub- 
set Cz of (Rat)^ with f{Cz) — 1 such that for each 7 = (71, 72, ■ ■ ■) ^ Cz, d(7n ■ ■ ■ ji{z), Sr) 

as n — >■ 00. 

This theorem means that if all the maps in the support of r cooperate, the chaos of the 
averaged system disappears. Theorem 11.61 describes new phenomena which can hold in random 
complex dynamics but cannot hold in the usual iteration dynamics of a single h G Rat^. For 
example, for any h G Rat-|_, if we take a point z G J{h), where J{h) denotes the Julia set of the 
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semigroup generated by h, then for any ball B with B n J{h) ^ 0, h"{B) expands as n ^ oo, and 
we have infinitely many minimal sets (periodic cycles) of h. 

In Theorem 13. 151 we completely investigate the structure of Ut and the set of unitary eigenval- 
ues of Mt fTheorem l3.15|) . Using the above result, we show that if dime Ur > 1 and int( J(G'r)) = 
where int(-) denotes the set of interior points, then F{Gt) has infinitely many connected compo- 
nents (Theorem I3.15ll20|) . Thus the random complex dynamics can be applied to the theory of 
dynamics of rational semigroups. The key to proving Theorem ll.6l (Theorem [3. ISp is to show that 
for almost every 7 = (71,72, . . .) G (Rat)^ with respect to f := ®°^]^r and for each compact set 
Q contained in a connected component U of F{Gt), diam7„ o • • • o 71 (Q) — as n — > 00. This is 
shown by using careful arguments on the hyperbolic metric of each connected component of F{Gr)- 
Combining this with the decomposition theorem on "almost periodic operators" on Banach spaces 
from [18], we prove Theorem II .61 (Theorem l3.15p . 

Considering these results, we have the following natural question: "When is the kernel Julia 
set empty?" Since the kernel Julia set of G is forward invariant under G, Montel's theorem implies 
that if T is a Borel probability measure on V with compact support, and if the support of r contains 
an admissible subset of V (see Definition 13. 54p . then Jkcr(GT-) — fLemma l3.56p . In particular, if 
the support of t contains an interior point with respect to the topology of 7^, then Jkcr(Gr) = 
fLemma I3.52|) . From this result, it follows that for any Borel probability measure t on V with 
compact support, there exists a Borel probability measure p with finite support, such that p is 
arbitrarily close to r, such that the support of p is arbitrarily close to the support of t , and such 
that Jkcr(Gp) = (Proposition l3.57p . The above results mean that in a certain sense, Jkor(GT-) = 
for most Borel probability measures r on V. Summarizing these results we can state the following. 

Theorem 1.7 (Cooperation Principle III, see Lemmas I3.52[ [3T561 Proposition 13 . 57p ■ Let 9Jli^c(7') 
he endowed with the topology O such that Tn ^ t in {^i^c(V),0) if and only if (a) J (pdTn — 
/ ifidr for each bounded continuous function ip on V , and (b) suppr„ — ^-suppr with respect to the 
Hausdorff metric. We set A := {r G 2)ti,c(P) | Jker(G^) = 0} and B := {t e MudV) \ Jkcr(Gr) = 
0, ttsuppr < 00}. Then we have all of the following. 

(1) A and B are dense in (2)li,c(7'), O). 

(2) // the interior of the support of t is not empty with respect to the topology of V , then t G A. 

(3) For each t ^ A, the chaos of the averaged system of the Markov process induced by r disap- 
pears (more precisely, all the statements in Theorems \1.5[ \J76\ hold). 

In the subsequent paper [40], we investigate more detail on the above result (some results of 
[40] are announced in [41)1. 

We remark that in 1983, by numerical experiments, K. Matsumoto and I. Tsuda ([20]) observed 
that if we add some uniform noise to the dynamical system associated with iteration of a chaotic 
map on the unit interval [0, 1], then under certain conditions, the quantities which represent chaos 
(e.g., entropy, Lyapunov exponent, etc.) decrease. More precisely, they observed that the entropy 
decreases and the Lyapunov exponent turns negative. They called this phenomenon "noise-induced 
order" , and many physicists have investigated it by numerical experiments, although there has been 
only a few mathematical supports for it. 

Moreover, in this paper, we introduce "mean stable" rational semigroups in subsection 13.61 If 
G is mean stable, then Jkcr(G) — and a small perturbation of G is still mean stable. We show 
that if r is a compact subset of Rat+ and if the semigroup G generated by F is semi-hyperbolic 
(see Definition I2.12p and Jkcr(G) — 0, then there exists a neighborhood V of F in the space of 
non-empty compact subset of Rat such that for each F' e V, the semigroup G' generated by F' is 
mean stable, and Jkcr(G') — 0. 

By using the above results, we investigate the random dynamics of polynomials. Let r be 
a Borel probability measure on V with compact support. Suppose that Jkcr(Gr) — and the 
smallest filled-in Julia set K{Gr) (see Definition l3.19p of Gr is not empty. Then we show that the 
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function Toa,T of probability of tending to oo G C belongs to Ur and is not constant fTlieoreni l3.22[) . 
Thus Too,T is non-constant and continuous on C and varies only on JiGr)- Moreover, the function 
Tao,T is characterized as the unique Borel measurable bounded function 1^9 : C — M which satisfies 
Mr{(p) = (fi, ¥'|foo(Gt) = 1' ^'^'^ v\k{g ) = where Foo{Gr) denotes the connected component of 
the Fatou set F{Gt) of Gt containing 00 (Proposition 13. 26]) . From these results, we can show that 
Too,T has a kind of "monotonicity," and applying it, we get information regarding the structure 
of the Julia set J{Gr) of Gr (Theorem I3.31|) . We call the function Too,t a devil's coliseum, 
especially when int(J(G7-)) = (see Example 16. 2[ Figures [2l [3l andS]). Note that for any h ^V, 
Tao,Sh ^ot continuous at any point of J{h) 7^ 0. Thus the above results deal with a phenomenon 
which can hold in the random complex dynamics, but cannot hold in the usual iteration dynamics 
of a single polynomial. 

It is a natural question to ask about the regularity of non-constant ip Ut (e.g., (p = Tao,T) on 
the Julia set J{Gr)- For a rational semigroup G, we set P{G) := U/ieGi^^^ critical values of /i : C C}, 
where the closure is taken in C, and we say that G is hyperbolic if P{G) C F{G). If G is generated 
by {hi, . . . , hm} as a semigroup, we write G = {hi, . . . , hm)- We prove the following theorem. 

Theorem 1.8 (see Theorem [3^821 and Theorem [3^841) . Let m > 2 and let {hi, . . . , h,„) e "P". Let 
G = {hi, . . . ,hm)- Let < pi,P2, ■ ■ ■ ,Pm < 1 with YlTLiPi = 1- Let t = X^Hi Pi'^'ii • Suppose that 
h~^{J{G)) n hJ^{J{G)) — for each {i,j) with i ^ j and suppose also that G is hyperbolic. Then 
we have all of the following statements. 

(1) Jkcr(Gr) — 0, int{J{Gr)) ~ 0, and dimij(J(G)) < 2, where dim// denotes the Hausdorff 
dimension with respect to the spherical distance on C. 

(2) Suppose further that at least one of the following conditions (a)(b)(c) holds. 

(a) Ejli Pj log(Pi deg{hj)) > 0. 

(b) P{G) \ {oo} is bounded in C. 

(c) m = 2. 

Then there exists a non-atomic "invariant measure" A on J{G) with suppX = J{G) and an 
uncountable dense subset A of J{G) with X{A) — 1 and dim// (A) > 0, such that for every 
z £ A and for each non-constant ip G Ur, the pointwise Holder exponent of if at z, which is 
defined to be 

inf{aeM|limsupMy)^^=oo}, 

is strictly less than 1 and ip is not differentiable at z ( Theorem 1 3. 82]) . 

(3) In (2) above, the pointwise Holder exponent of ip at z can be represented in terms of pj,\og{deg{hj)) 
and the integral of the sum of the values of the Green's function of the basin of oo for the 
sequence J = (71,72,...) G {/ii, . . . , /im}^ at the finite critical points of ji ( Theorem 1 3. 82\) . 

(4) Under the assumption of (2), for almost every point z G J(G) with respect to the d-dimensional 
Hausdorff measure where 6 ~ dim//(J(G)), the pointwise Holder exponent of a non- 
constant ip £ Ut at z can be represented in terms of the pj and the derivatives of hj (Theo- 
rem\^^. 

Combining Theorems 11.51 11.61 11.81 it follows that under the assumptions of Theorem 11.81 the 
chaos of the averaged system disappears in the G" "sense" , but it remains in the G^ "sense" . From 
Theorem ll.81 we also obtain that if pi is small enough, then for almost every z G J{G) with respect 
to H^ and for each ip £ Ut, ip 'is differentiable at z and the derivative oi ip ai z is equal to zero, 
even though a non-constant (/? G t/r is not differentiable at any point of an uncountable dense 
subset of J(G) fRemark l3.86p . To prove these results, we use Birkhoff's ergodic theorem, potential 
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theory, the Koebe distortion theorem and thermodynamic formalisms in ergodic theory. We can 
construct many examples of . . . , hm) S "P™ such that h~^{J{G))r\h~^{J{G)) — for each («, j) 
with i ^ j, where G = {hi, . . . , hm), G is hyperbolic, K{G) ^ 0, and V-r possesses non-constant 
elements (e.g., Too.r) for any t — Y^^^^iPiShi (see Proposition 16.11 Example 1 6. 2 [ Proposition 16. 3[ 
Proposition [6]4l and Remark l6.6p . 

We also investigate the topology of the Julia sets of sequences 7 G (suppr)^, where r is 
a Borel probability measure on V with compact support. We show that if P{Gr) \ {00} is not 
bounded in C, then for almost every sequence 7 with respect to f :— (^Sij^iT, the Julia set Jj of 7 
has uncountably many connected components (Theorem 13. 38p . This generalizes Theorem 1.5] 
and [H Theorem 2.3]. Moreover, we show that K{Gr) = if and only if Too,t = 1, and that if 
K{Gt) = 0, then for almost every 7 with respect to f, the 2-dimensional Lebesgue measure of 
filled- in Julia set K-y (see Definition l3.40p of 7 is equal to zero and — Jj has uncountably many 
connected components (Theorem 13.411 and Example I3.59[) . These results generalize [H Theorem 
2.2] and one of the statements of [2, Theorem 2.4]. 

Another matter of considerable interest is what happens when Jkcr(Gr) 7^ 0- Wc show that 
if T is a Borel probability measure on Rat+ with compact support and Gr is "semi-hyperbolic" 
(see Definition HHl), then AoriGr) 7^ if and only if Jmeasir) ^ (Theorem EZI]) . We define 
several types of "smaller Julia sets" of M*. We denote by Jpt{T) the "pointwise Julia set" of M* 
restricted to C (see Definition 13. 44p . We show that if Gr is semi- hyperbolic, then dimjj ( Jp((r)) < 
2 (Theorem I3.7ip . Moreover, if Jkor(G'T) ^ 0, Gr is semi- hyperbolic, and [jsuppr < 00, then 
Jp((r) = J{Gr) (Theorem 13. 71|) . Thus the dual of the transition operator of the Markov process 
induced by t can detect the Julia set of Gr- To prove these results, we utilize some observations 
concerning semi- hyperbolic rational semigroups that may be found in [29l[32]. In particular, the 
continuity of 7 1-^ is required. (This is non-trivial, and does not hold for an arbitrary rational 
semigroup.) 

Moreover, even when Jker(GT) 7^ 0, it is shown that if Jker(Gr) is included in the unbounded 
component of the complement of the intersection of the set of non-semi-hyperbolic points of Gr and 
J{Gr), then for almost every 7 G 7-"^ with respect to f, the 2-dimensional Lebesgue measure of the 
Julia set of 7 is equal to zero fTheorem l3.48p . To prove this result, we again utilize observations 
concerning the kernel Julia set of Gr, and non-constant limit functions must be handled carefully 
(Lemmas SH [Q^ and [Qg]) . 

As pointed out in the previous paragraphs, we find many new phenomena which can hold in 
random complex dynamics and the dynamics of rational semigroups, but cannot hold in the usual 
iteration dynamics of a single rational map. These new phenomena and their mechanisms are 
systematically investigated. 

In the proofs of all results, we employ the skew product map associated with the support of r 
(Definition I3.46|) . and some detailed observations concerning the skew product are required. It is 
a new idea to use the kernel Julia set of the associated semigroup to investigate random complex 
dynamics. Moreover, it is both natural and new to combine the theory of random complex dynamics 
and the theory of rational semigroups. Without considering the Julia sets of rational semigroups, 
we are unable to discern the singular properties of the non-constant finite linear combinations ip 
(e.g.. If = Too,T, a devil's coliseum) of the unitary eigenvectors of Mr- 

In section [21 we give some fundamental notations and definitions. In section [31 we present the 
main results of this paper. In section^ we introduce the basic tools used to prove the main results. 
In section [5l we provide the proofs of the main results. In section [6l we give many examples to 
which the main results are applicable. 

In the subsequent paper |40) . we investigate the stability and bifurcation of Mr (some results 
of [30] are announced in 14JJ ) . 

Acknowledgment: The author thanks Rich Stankewitz for valuable comments. This work was 
supported by JSPS Grant-in- Aid for Scientific Research(C) 21540216. 
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2 Preliminaries 



In this section, we give some basic definitions and notations on the dynamics of semigroups of 
holomorphic maps and the i.i.d. random dynamics of holomorphic maps. 

Notation: Let {X,d) be a metric space, A a subset of X, and r > 0. We set B{A,r) := {z e 
X I d{z,A) < r}. Moreover, for a subset C of C, we set D{C,r) :— {z & C \ infagc |z — a| < r}. 
Moreover, for any topological space Y and for any subset A of Y, we denote by int(^) the set of 
all interior points of A. 

Definition 2.1. Let F be a metric space. We set CM(y) :=={/: F —> F | / is continuous} en- 
dowed with the compact-open topology. Moreover, we set OCM(y) :— {/ G CM(y) | / is an open map} 
endowed with the relative topology from CM(F). Furthermore, we set C{Y) :— {ip : Y ^ C \ 
if is continuous }. When Y is compact, we endow CiY) with the supremum norm || • ||oo. More- 
over, for a subset T of C(F), we set J^nc. := {f ^ F \ ip \s not constant}. 

Definition 2.2. Let F be a complex manifold. We set HM(y) := {/ : F — > y | / is holomorphic} 
endowed with the compact open topology. Moreover, we set NHM(y) := {/ £ HM(y) | / is not constant} 
endowed with the compact open topology. 

Remark 2.3. CM(r), OCM(y), HM(y), and NHM(r) are semigroups with the semigroup op- 
eration being functional composition. 

Definition 2.4. A rational semigroup is a semigroup generated by a family of non-constant ra- 
tional maps on the Riemann sphere C with the semigroup operation being functional composition^ [T3l 
[TTj). A polynomial semigroup is a semigroup generated by a family of non-constant polynomial 
maps. We set Rat : = {ft,:C— ^Cj/iisa non-constant rational map} endowed with the distance 
K which is defined by «(/, g) :— sup^gj. d{f (z) , g{z)) , where d denotes the spherical distance on C. 
Moreover, we set Rat+ {h G Rat | deg(/i) > 2} endowed with the relative topology from Rat. 
Furthermore, we set P := {5 : C — > C | g is a polynomial, deg(g) > 2} endowed with the relative 
topology from Rat. 

Definition 2.5. Let F be a compact metric space and let G be a subsemigroup of CM(y). The 
Fatou set of G is defined to be F{G) := 

{z &Y \ 3 neighborhood U of z s.t. {g\u ■ U Y}g^c is equicontinuous on [/}. (For the definition 
of equicontinuity, see [1].) The Julia set of G is defined to be J(G) := Y\F{G). If G is generated 
by {gi}i, then we write G = ((71,(72, ■ • •)• If G is generated by a subset F of CM(y), then we write 
G = (F). For finitely many elements gi, . . . ,gm S CM{Y), we set F{gi, ■ ■ ■ ,gm) ■= F{{9ii ■ ■ ■ T9m)) 
and J(5i,...,g„) := J[{gi, . . . ,gm))- For a subset A of Y, we set G{A) := [jg^Qg{A) and 
G^^{A) := UgGG S^H^)- We set G* G U {Id}, where Id denotes the identity map. 

By using the method in [Ml [11], it is easy to see that the following lemma holds. 

Lemma 2.6. Let Y he a compact metric space and let G he a suhsemigroup o/OCM(y). Then 
for each h ^ G, h{F{G)) C F(G) and h^^{J(G)) C J{G). Note that the equality does not hold in 
general. 

The following is the key to investigating random complex dynamics. 

Definition 2.7. Let F be a compact metric space and let G be a subsemigroup of CM(y). We 
set Jkcr(G) := C\g(zQ g^^{J{G)). This is called the kernel Julia set of G. 

Remark 2.8. Let F be a compact metric space and let G be a subsemigroup of CM(y). (1) 
^ker(G) is a compact subset of J(G). (2) For each h E G, /i(Jker(G)) C Jkcr(G). (3) If G is a 
rational semigroup and if F{G) ^ 0, then int(Jkcr(G)) = 0. (4) If G is generated by a single map or 
if G is a group, then Jker(G) = J{G). However, for a general rational semigroup G, it may happen 
that — Jkcr(G) J{G) (see subsection 13.51 and section [6]). 
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The following postcritical set is important when we investigate the dynamics of rational 
semigroups. 

Definition 2.9. For a rational semigroup G, let P{G) := Ugggjall critical values of 5 : C — > C} 
where the closure is taken in C. This is called the postcritical set of G. 

Remark 2.10. If T C Rat and G = (F), then P{G) = G*(U,,gr{an critical values of h}). From 
this one may know the figure of P{G), in the finitely generated case, using a computer. 

Definition 2.11. Let G be a rational semigroup. Let be a positive integer. We denote by 
SHpf(G) the set of points z e C satisfying that there exists a positive number 6 such that for each 
g G G, deg{g : V B{z,6)) < N, for each connected component V of g~^{B{z, 5)). Moreover, we 
set UH{G) :-C\UjveN'^^Jv(G). 

Definition 2.12. Let G be a rational semigroup. We say that G is hyperbolic if P(G) C F{G). 
We say that G is semi-hyperbolic if UH{G) C F{G). 

Remark 2.13. We have UH{G) C P{G). If G is hyperbolic, then G is semi-hyperbolic. 

It is sometimes important to investigate the dynamics of sequences of maps. 

Definition 2.14. Let F be a compact metric space. For each 7 = (71,72, . . ■) G (CM(y))^ and 
each m, n G N with ni > n, we set 7m, n — 7m ° • • • ° 7n and we set 

Fy := {z E Y \ 3 neighborhood U of z s.t. {7„,i},igN is equicontinuous on U} 

and :— Y \ Fj. The set F^ is called the Fatou set of the sequence 7 and the set is called 
the Julia set of the sequence 7. 

Remark 2.15. Let F = C and let 7 G (Rat+)'*'. Then by [2 Theorem 2.8.2], ^ 0. Moreover, 
if F is a non-empty compact subset of Rat+ and 7 G F^, then by is a perfect set and J-y 

has uncountably many points. 

We now give some notations on random dynamics. 

Definition 2.16. For a topological space Y, we denote by 9Jli(F) the space of all Borel prob- 
ability measures on Y endowed with the topology such that /i„ — > /i in dJti(Y) if and only if 
for each bounded continuous function ip : Y ^ C, J ip d/j,„ — J (p d^. Note that if 1" is a 
compact metric space, then DJli{Y) is a compact metric space with the metric (io(Mij/^2) ■— 

J^'jLi ^ 1+1/ ^'^rf^V-/ ^'^rfA'l I ' '^^^'"^ {'/'ilieN is a dense subset of C{Y). Moreover, for each t e 
2)Ti(F), we set suppr := {z e F | V neighborhood U of z, t{U) > 0}. Note that suppr is a closed 
subset of Y. Furthermore, we set DJli^dX) '■— {'^ ^ ^i{Y) I suppr is compact}. 

For a complex Banach space we denote by B* the space of all continuous complex linear 
functionals p : B C, endowed with the weak* topology. 

For any r S 2Jti(CM(F)), we will consider the i.i.d. random dynamics on Y such that at every 
step we choose a map g G CM(y) according to r (thus this determines a time-discrete Markov 
process with time-homogeneous transition probabilities on the phase space Y such that for each 
X gY and each Borel measurable subset A of Y, the transition probability p{x, A) of the Markov 
process is defined as p{x, A) = T{{g G CM{Y) \ g{x) £ A})). 

Definition 2.17. Let F be a compact metric space. Let t G 97ti(CM(F)). 

1. We set F^ suppr (thus F^ is a closed subset of CM(F)). Moreover, we set X^. :— (Ft-)*^ 
(= {7 = (7i7 72,---) I 7j G r,. (Vj)}) endowed with the product topology. Furthermore, 
we set f := ®°^iT. This is the unique Borel probability measure on Xr such that for each 
cyhnder set A = Ai x • ■ • x A„ x F,- x F^- x • • ■ in Xr, t{A) = n?=i '''{^j)- We denote by Gr 
the subsemigroup of CM(y) generated by the subset Fr of CMfy). 
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2. Let Mr be the operator on C{Y) defined by Mr{'^){z) := /p (p{g{z)) dT{g). Mr is called 
the transition operator of the Markov process induced by r. Moreover, let M* : C{Y)* —> 
C{Y)* be the dual of Mr, which is defined as M;(^)(^) = Ai(Afr(^)) for each fi e C{Y)* 
and each ip G C{Y). Remark: we have M*{mi{Y)) C Mi(Y) and for each n G Mi{Y) and 
each open subset V of Y, we have M*(^)(F) = /p A^(5^^(V^)) 

3. We denote by Fmeas{T) the set of G 9?li(F) satisfying that there exists a neighborhood i? 
of fj. in S[)Ti(y) such that the sequence {(M*)"|s : B 97li(F)}„gN is equicontinuous on B. 
We set J™ea.(T) := MiiY) \ F^easir). 

4. We denote by F°^^^^{t) the set of /i e S«i(r) satisfying that the sequence{(Af;)" : MiiY) 
9Jti(y)}„gN is equicontinuous at the one point ^. We set J^easi''') ■= 9Jti(F) \ F^^^g{T). 

Remark 2.18. We have Fmeas{T) C F^^^^{t) and J^eas('r) ^ -^meas(T). 

Remark 2.19. Let F be a closed subset of Rat. Then there exists a r S 9Jli(Rat) such that 
= r. By using this fact, we sometimes apply the results on random complex dynamics to the 
study of the dynamics of rational semigroups. 

Definition 2.20. Let F be a compact metric space. Let $ : F — > 3Jli(F) be the topological 
embedding defined by: $(z) :— Sz, where Sz denotes the Dirac measure at z. Using this topological 
embedding $ : F ^ dyti{Y), we regard F as a compact subset of VJli{Y). 

Remark 2.21. If /i e CM(F) and r = Sh, then we have M* o $ = $ o /i on F. Moreover, for 
a general r e mi{CM(Y)), M;(/i) = J K{n)dT{h) for each fj. e MiiY). Therefore, for a general 
T G 93ti(CM(F)), the map M* : ^i{Y) -> Mi{Y) can be regarded as the "averaged map" on the 
extension D}li{Y) of Y. 

Remark 2.22. If r = Sji G 9Jli(Rat+) with h e Rat+, then Jmeas{T) ^ 0. In fact, using the 
embedding $ : C ^ 9Ki(C), we have <I>(J(/i)) C Jmeasir). 

The following is an important and interesting object in random dynamics. 

Definition 2.23. Let F be a compact metric space and let A be a subset of F. Let r G 9}ti(CM(F)). 
For each 2; e F, we set TA,r{z) ■= ^({7 = (71,72, ■ . ■) G Xr \ d{jn,i{z), A) ^> as n 00}). This 
is the probability of tending to A starting with the initial value z G Y. For any a G Y, we set 

3 Results 

In this section, we present the main results of this paper. 
3.1 General results and properties of Mj. 

In this subsection, we present some general results and some results on properties of the iteration 
of Mr : C(C) -■ C(C) and M; : C(C)* C(C)*. The proofs are given in subsection O We need 
some notations. 

Definition 3.1. Let F be a n-dimensional smooth manifold. We denote by Leb„ the two- 
dimensional Lebesgue measure on Y. 

Definition 3.2. Let i3 be a complex vector space and let A/ : B — ;> B be a linear operator. Let 

if G B and a G C be such that cp ^ 0, \a\ = 1, and M{ip) = aip. Then we say that is a unitary 
eigenvector of M with respect to a, and we say that a is a unitary eigenvalue. 
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Definition 3.3. Let F be a compact metric space and let t G 9}ti(CM(F)). Let K he a. non- 
empty subset of Y such that G{K) C K. We denote by Uf^r{K) the set of ah unitary eigenvectors 
of Mj- : C{K) C{K). Moreover, we denote by Uy^r{K) the set of all unitary eigenvalues of 
Mr : C{K) C{K). Similarly, wc denote by Uf^r.*{K) the set of all unitary eigenvectors of 
M* : C{K)* — C{K)* , and we denote by Uy^r,*{K) the set of all unitary eigenvalues of M* : 
C{K)* -^C{K)*. 

Definition 3.4. Let F be a complex vector space and let A be a subset of V. We set LS(A) := 
{Sjli \ ai, . . . ,am & C,vi, . . . ,Vm & Am eN}. 

Definition 3.5. Let F be a topological space and let F be a subset of Y. We denote by Cv{Y) 
the space of all G C{Y) such that for each connected component U of V, there exists a constant 
cc/ G C with (p]u = cu- 

Remark 3.6. Cy(y) is a linear subspace of C(Y). Moreover, if Y is compact, mctrizable, and 
locally connected and V is an open subset of Y, then Cv{Y) is a closed subspace of C{Y). Fur- 
thermore, if Y is compact, metrizable, and locally connected, r G SDTi(CM(y)), and Gr is a 
subscmigroup of OCM(y), then MriCp^G^Y)) C Cp(G^)(Y). 

Definition 3.7. For a topological space Y, we denote by Cpt(y) the space of all non-empty 
compact subsets of Y. If F is a metric space, we endow Cpt(y) with the Hausdorff metric. 

Definition 3.8. Let F be a metric space and let G be a subsemigroup of CM(F). Let K G 
Cpt(F). We say that K is a minimal set for (G, F) if K is minimal among the space {L G 
Cpt(F) I G{L) C L} with respect to inclusion. Moreover, we set Min(G,F) := {K G Cpt(F) | 
K is a, minimal set for (G, F)}. 

Remark 3.9. Let F be a metric space and let G be a subsemigroup of CM(F). By Zorn's lemma, 
it is easy to see that if Ki G Cpt(F) and G{Ki) c Ki, then there exists a if G Min(G,F) with 
K C Ki. Moreover, it is easy to see that for each K G Min(G, F) and each z € K, G{z) = K. In 
particular, if Ki,K2 G Min(G,F) with Ki ^ K2, then Ki n A'2 = 0. Moreover, by the formula 
G(z) = K, we obtain that for each K G Min(G,F), either (1) jjif < 00 or (2) K is perfect and 
tJif > Kq. Furthermore, it is easy to see that if F G Cpt(CM(F)),G = (F), and K G Min(G,F), 
then K ^ [jf^^^h{K). 

Definition 3.10. Let F be a compact metric space. Let p G G(F)*. We denote by a{p) the set 
of points ^; G F which satisfies that there exists a neighborhood U of z inY such that for each 
G G(F) with supp<p C U, p{ip) = 0. We set suppp := F \ a{p). 

Definition 3.11. Let {(fn '■ U — ?• C}^]^ be a sequence of holomorphic maps on an open set U of 
C. Let 99 : J7 — !> C be a holomorphic map. Wc say that 99 is a limit function of {(/'njj^i if there 
exists a strictly increasing sequence {^^jlj^i in N such that (puj — > as j — > 00 locally uniformly 
on U. 

Definition 3.12. For a topological space Z, we denote by Con(Z) the set of all connected com- 
ponents of Z. 

Definition 3.13. Let G be a rational semigroup. We set Jres{G) := {z G J(G) | Vf G 
Con{F{G)),z ^ dU}. This is called the residual Julia set of G. 

We now present the main results. 

Theorem 3.14 (Cooperation Principle I). Let r G S[Hi,c(NIIM(CP")), where CP" denotes the 
n-dimensional complex projective space. Suppose that J]^q-[{Gt) = 0. Then, Fmeas{T) = S!7li(CP"), 
and for f-a.e. 7 G (NHM(CP"))N, Leb2„(J^) = 0. 
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Theorem 3.15 (Cooperation Principle II: Disappearance of Chaos). Let t £ 9Jti^c(Rat) and let 
Sr := ULeMin(G C) ^- ^uppose that JheriGr) = and J{Gt) 7^ 0- Then, all of the following 
statements 1,. . . ,21 hold. 

1. Let Bo,T ■— {f G C(C) I Af"((^) as n ^ oo}. Then, Bo,t is a closed subspace of 
C(C) and there exists a, direct sum decom,position C(C) = LS(iY/jT-(C)) © Bo,t- Moreover, 
LS{Uf,r{<t)) C Cf(go(C) an(/dimc(LS(W/,^(C))) < oo. 

2. Let q := dimc(LS(i^/,i-(C))). Let be a basis o/ LS(Z/^/,r(C)) such that for each j = 
1,...,(7, there exists an aj G Uy^r{C) with MT-{ipj) = aj(pj. Then, there exists a unique 
family {pj : C(C) — > of complex linear functionals such that for each ip G C(C), 
||M"((/? — X]j=i Pii'-P)'-Pj)\\oo —^0 as n ^ oo. Moreover, {pjYj^i satisfies all of the following. 

(a) For each j = 1, . . . , q, pj : C(C) — > C is continuous. 

(b) For each j = 1, . . . , q, M* (pj) = ajPj. 

(c) For each {i,j), Pi{'-Pj) = hj- Moreover, is a basis ofLS{Uf^r,*{'C)). 

(d) For each j = 1, . . . ,q, supp pj C Sr- 

3. We have '\\J{Gr) > 3. In particular, for each U G Con(F(G'T)), we can take the hyperbolic 
metric on U. 

4. There exists a Borel measurable subset A of (Rat)^ with f{A) = 1 such that 

(a) for each ^ G A and for each U G Con(F(GT-)), each limit function of {'yn,i\u}^=i is 
constant, and 

(b) for each j G A and for each Q £ Cpt(F(Gr)), sup^gg ||7^ i(fl)IU — > as n — > 00, where 
\\l'ni{i)\\h denotes the norm of the derivative of jn,i «i « point a measured from the 
hyperbolic metric on the element Uq G Con{F{Gr)) with a gUq to that on the element 
Un G Con{F{Gr)) with 7n,i(a) G Un- 

5. For each z gC, there exists a Borel subset Az of (Rat)'*^ with f{Az) = 1 with the following 
property. 

• For each 7 = (71,72,...) G Az, there exists a number S = S{z,^) > such that 
diam{jn • • ■li{B{z,S))) as n ^ 00, where diam denotes the diameter with respect 
to the spherical distance on C, and B{z,S) denotes the ball with center z and radius 6. 

6. jiMin(G^,C) < 00. 

7. Let W := UAeCon(F(G,-)) Ar\S^^$ Then Sr is compact. Moreover, for each z G C there 
exists a Borel measurable subset Cz of (Rat)'*' with f{Cz) = 1 such that for each -y gCz, there 
exists an n gN with 7^,1(2;) G W and d{'ym,i{z), Sr) as m — >■ 00. 

8. Let L G Min(Gi-,C) and rL '■= dimc(LS(W/,T-(L))). Then, lAv^r{L) is a finite subgroup of S^ 
with 'iUv^riL) = rL- Moreover, there exists an ul G S^ and a family {'fpLj}^^^ in Uf^r{L) 
such that 

(a) = I, U^AL) - {ai}%„ 

(b) Mr{^L,j) = a^ipLj for each j = 1, . . . , rL, 

(c) V'L J = {i>L,iy for each j ^l,...,rL, and 

(d) {tpL,jYjti is a basis ofLS{l{f^T{L)). 
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9. Let ■■ LS(W/,^(C)) ^ C{Sr) be the map defined hy tp ^ ,p\s^. Then, ^-g^ (LS(W/,^(C))) = 
LS(W/_i-('S't)) and '■ LS(Z///_t(C)) — > ljS{Uf^r{ST)) is a linear isomorphism. Furthermore, 

y^S^ oMr=MrO on LS{Uf,r{C)). 

10. Uy^riC) = U^,^r{Sr) ^ ULeMin(G, ,C) W = ULeMi„(G, ,C) {«i = i a«d dime (LS(W/,^ (C))) = 

11. Ui,^T-,*iC) ^ U^^riC), Uy.T.*{ST) — Uu.TiSr), andUy^T^^,{L) — Ui,^{L) for each L G Min(G'T-, C). 

12. Let L £ Min(G^,C). Let K^l ■= {gi ° ■ ■ ■ ° Qtl I ^3,9] e T^}. Moreover, let G^^ {Kl)- 
Then, rL = ttMin(G;sL). 

13. There exists a basis {(fL.i I L G Min(GT-, C), i — l,...,ri} of LS(W^_t-(C)) and a basis 
{pL,t I L e Min(G^,C),i = l,...,rL} o/ LS(Z^/,r,* (C)) suc/i that for each L e Min(G^,C) 
and for each i — 1, . . . , r^, we have all of the following. 

(a) Mr{ipL,i) = o-lVl,!- 

(b) \^lA\l^I. 

(c) V3L,i|L' = for any L' G Min(Gr, C) with L' ^ L. 

(d) ^l.Al = {^l.i\lY- 

(e) supppL^i = L. 

(f) PlAvl.j) = Sij for each j = 1, . . . ,rL. 

i^. For each v G »li(C), dQ{{M;Y{v),l.S{Uf^rA^)) n 9Jli(C)) ^ as n -i- oo. Moreover, 
diniT(LS(Z///,T,*(C))n9?li(C)) < 2 dime LS(W/_i-(C)) < c», w/iere dimy denotes the topological 
dimension. 

15. For each L G Min(GT,C), T^.t : C — > [0, 1] is continuous and Mt{Tl^t) = Tl,t- Moreover, 
ELGMin(G.,c) ^lA^) = 1 V each zet. 

16. // ttMin(G^,C) > 2, then (a) /or eoc/i L G Min(G^,C), rL,^(J(G^)) = [0,1], and (b) 
dimc(LS(Z^/^,(C))) > 1. 

17. Sr = {z £ n S't I 3g G Gt s.t. = z, \m{g, z)\ < 1}, where the closure is taken in C, 
and m{g, z) denotes the multiplier (II I) of g at the fixed point z. 

18. IfTrr\R&t+ ^ 0, then Sr = {z G F(G) Ci Sr \ 3g e Gr D Rat+ s.t. g{z) = z, \m{g, z)| < 1} C 

UH{Gr) C P(Gr). 

19. //dimc(LS(iY/,T(C))) > 1, then for any G LS(t//,r (C))„c i/iere exists an uncountable subset 
AofC such that for each t & A, % ^ tp-^{{t]) n J(Gr) C JresiGr)- 

20. //dimc(LS(iY/,^(C))) > 1 and int( J(G^)) = 0, then ttCon(F(Gr)) = oo. 

^i. Suppose that Gt H Aut(C) ^ 0, where Aut(C) denotes the set of all holomorphic auto- 
morphisms on C. // there exists a loxodromic or parabolic element of G^ H Aut(C), then 
jiMin(Gr,C) = 1 and dimc(LS(W/,r(C))) = 1. 

Remark 3.16. Let G be a rational semigroup with G fl Rat-). ^ 0. Then by Theorem 4.2.4], 
U JiG)) > 3. 

Remark 3.17. Let r G 97li,c(Rat) be such that Jkcr(Gr) = and J(G^) ^ 0. The union Sr of 
minimal sets for (Gr,C) may meet J{Gt). See Example 16.71 
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Remark 3.18. Let t e 9Jti,c(Rat) be such that Jkcr(G'r) = and J{Gr) 7^ 0. Then dimc(LS(W/^^(C))) > 
1 if and only if (LS(ZY/,^((C)))„c ^ 0- 

Definition 3.19. Let G be a polynomial semigroup. We set 

K{G) := {z £ C I {g{z) \ g G G} is bounded in C}. K{G) is called the smallest filled-in Julia 

set of G. For any h ^ V, we set K{h) :— K{{h)). This is called the filled-in Julia set of h. 

Remark 3.20. Let r e Mi^dV) be such that Acr{Gr) = and k{Gr) ^ 0. Then ttMin(G^,C) > 
2. Thus by Theorem [STMia dimc(LS(W/,r (C))) > 1. 

Remark 3.21. There exist many examples of r e DJli.dV) such that Jkci(Gr) — ^,K{Gr) ^ 
and int(J(GT-)) — (see Proposition 16. 1[ Proposition 16.31 Proposition l6.4[ Theorem 13. 82[ and p71 
Theorem 2.3]). 

3.2 Properties on Too,t 

In this subsection, we present some results on properties of Too.t for a r G 9Jli_c('P). Moreover, we 
present some results on the structure of J{Gr) for a r G 9Jti. c('P) with Jkor(Gr) = 0. The proofs 
are given in subsection 15.21 

By Theorem 13. 141 or Theorem 13. 151 we obtain the following result. 

Theorem 3.22. Let r G Mi^ciV). Suppose that Jkor(Gr) = 0. Then, the function Too.r : C [0, 1] 
is continuous on the whole C, and Mr{Too,T) — 7oo,t- 

Remark 3.23. Let h ^ V and let r :— 5h- Then, Too,t(C) = {0, 1} and Too,t is not continuous at 
every point in J{h) ^ 0. 

On the one hand, we have the following, due to Vitali's theorem. 

Lemma 3.24. Let t G S[Jli^c(7^)- Then, for each connected component U of F(Gt), there exists a 
constant Gu G [0, 1] such that Tao^rlu = ^u- 

Definition 3.25. Let G be a polynomial semigroup. If 00 G F{G), then we denote by i^oo(G) the 
connected component of F{G) containing 00. (Note that if G is generated by a compact subset of 
V, then 00 G F{G).) 

We give a characterization of Too.t- 

Proposition 3.26. Let r G Mi^dV). Suppose that JkaiGr) = and k{Gr) / 0. Then, there 
exists a unique hounded Borel measurable function (yS : C — > M such that ip = Mt{lp), ^p\F^(Gr) = 1 
and ^\f^(G ) = ^- Moreover, Lp ~ Too,t- 

Remark 3.27. Combining Theorem 13.221 and Lemma [3.241 it follows that under the assumptions 
of Theorem 13.221 if Tao,T ^ 1, then the function Tao,T is continuous on C and varies only on the 
Julia set J{Gr) of Gr- In this case, the function Too,t is called the devil's coliseum (see Figures[31 
U]). This is a complex analogue of the devil's staircase or Lebesgue's singular functions. We will 
see the monotonicity of this function Tao,T in Theorem 13.311 

In order to present the result on the monotonicity of the function Too,t : C — > [0, 1], the level 
set of Too,t|j(Gt) structure of the Julia set J{Gr), we need the following notations. 

Definition 3.28. Let Ki,K2 G Cpt(C). 

1. "ifi <s K2" indicates that Ki is included in the union of all bounded components of C\K2- 

2. "ifi <sK2 indicates that Ki <s K2 or Ki = K2. 
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Remark 3.29. This "<s" is a partial order in Cpt(C). This is called the surrounding 

order. 

We present a necessary and sufficient condition for Too.t to be the constant function 1. 

Lemma 3.30. Letr S 3}ti^c(^)- Then, the following (1), (2), and (3) are equivalent. (1) Too.r = 1- 
(2) Too,,|j(G.) =1. (3) i^(GO = 0. 

By Theorem 13.221 and Lemma [3.241 we obtain the following result. 

Theorem 3.31 (Monotonicity of Too,t and the structure of J{Gr))- Let r e 9Jli.c(7^). Suppose 
that Jtici-iGr) = and K{Gr) ^ 0. Then, we have all of the following. 

1. int{k{Gr)) ^ 0. 

2. Too,r(J(GO) = [0,1]. 

3. For each tiM E [0, 1] with < ti < i2 < 1, we have T-\({ti}) T^\{{t2}) n J{Gr). 

4. For each t £ (0, 1), we have K{Gr) <s T^^^{{t}) n J{Gr) <s F^{Gr). 

5. There exists an uncountable dense subset A of [0, 1] with jj([0, 1] \ A) < Hg such that for each 
teA, we have ^ T^\{{t}) n J(G^) C Jres{Gr). 

Remark 3.32. If G is generated by a single map h E P, then dK{G) — dFoo{G) = J{G) and 
so K(G) and Foo{G) cannot be separated. However, under the assumptions of Theorem 13.311 
the theorem implies that KiGr) and Foo{Gt) are separated by the uncountably many level sets 
{'7oo,r|7(G )({0)}te(o,i)j ^-nd that these level sets are totally ordered with respect to the surround- 
ing order, respecting the usual order in (0, 1). Note that there are many t G dJli^ciP) such that 
Jker(Gr) = and K{Gr) 0. See section [1 

Remark 3.33. For each F e Cpt(Rat), there exists are 9Jti(Rat) such that F,- = F. Thus, 
Theorem 13.311 tells us the information of the Julia set of a polynomial semigroup G generated by 
a compact subset F of P such that Jkcr(G) = and K{G) ^ 0. 

Applying Theorem 13.221 and Lemma [3.241 we obtain the following result. 

Theorem 3.34. Let T be a non-empty compact subset ofV and let G = (F). Suppose that K{G) ^ 
and Jkcr(G) = 0. Then, at least one of the following statements (a) and (b) holds. 

(a) int(J(G)) ^ 0. (b) tt{C/ G Con(F(G)) | U ^ Foo(G) and U int(i:(G))} = cx3. 

Remark 3.35. There exist finitely generated polynomial semigroups G in P such that int( J(G)) ^ 
and J(G) ^ C (see [H], Example iU). 

3.3 Planar postcritical set and the condition that K{Gr) = 

In this subsection, we present some results which are deduced from the condition that the planar 
postcritical set is unbounded. Moreover, we present some results which are deduced from the 
condition that K{Gr) — 0. The proofs are given in subsection 15.31 

Definition 3.36. For a polynomial semigroup G, we set P*{G) :— P{G) \ {oo}. This is called the 
planar postcritical set of the polynomial semigroup G. 

Definition 3.37. Let 1^ be a complete metric space. We say that a subset A of F is residual 
if A contains a countable intersection of open dense subsets of Y. Note that by Baire's category 
theorem, a residual subset A of F is dense in Y. 
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The following theorem generalizes p| Theorem 1.5] and f4| Theorem 2.3]. 

Theorem 3.38. Let T G Cpt('P) and let G = (F). Suppose that P*{G) is not bounded in C. Then, 
there exists a residual suhsetU ofT^ such that for each r € 9Jli{V) with Tr — F, we have f{U) = 1, 
and such that for each 7 € the Julia set of 7 has uncountably many connected components. 

Question 3.39. What happens if K{Gr) = (i.e., if T^o.t = 1) ? 

Definition 3.40. Let 7 = (71,72,...) £ V^^ .Weset := {z e C \ {jn,i{z)}neN is bounded in C}. 
Moreover, we set ^00,7 := {z £ C \ 7n,i(2;) — > 00}. 

Theorem 3.41. Let r G DJli,c{V). Suppose that K{Gr) = 0- Then, we have all of the following 
statements 1,. . .,4- 

1. A,r{Gr) = 0. 

2. Fmeasir) = OTi(C) and {M*Y{v) ^ 5oo as n ^ 00 uniformly on ly e «Dli(C). 

3- Tao^T = 1 on C. 

4- For f-a.e. 7 G 7-'^, (a) Leh2{K^) — 0, (b) K-y — J^, and (c) = J-y has uncountably many 
connected components. 

Remark 3.42. Let t G Mi^dV). Suppose that Jkcr(Gr) = 0. From Theorem ESS and Theo- 
remlSm it follows that k{Gr) 7^ if and only if (LS(W/>(C)))„c 7^ 0- 

Example 3.43. Let r G DJli,c{P) and suppose that there exist two elements hi, /12 S F,- such that 
K{hi)nK{h2) = 0. Then k{Gr) 0. For more examples of r with K{Gr) = 0, see ExampleESH 

3.4 Conditions to be Leh2{Jy) = for f-a.e. 7 (even if JkcviGr) 7^ 0) 

In this subsection, we present some sufficient conditions to be Leb2(J'y) = for f-a.e. 7. More 
precisely, we show that even if Jkcr(G,-) 7^ 0, under certain conditions, for f-a.e. 7, for Leb2-a.e. 
z G C, there exists a number no G N such that for each n with n > no, ^n,i{z) G F{Gt-)- The 
proofs are given in subsection 15.41 We also define other kinds of Julia sets of M* . 

Definition 3.44. Let F be a compact metric space. Let r G 9Jli(CM(y)). Regarding F as a 
compact subset of 9Jti(y) as in Definition 12.201 we use the following notation. 

1. We denote by Fpt{T) the set of z G F satisfying that there exists a neighborhood _B of z 
in Y such that the sequence{(M*)"|B : B — > 9Jli(F)}„gN is equicontinuous on B. We set 
Jptir) ■.= Y\Fj„{t). 

2. Similarly, we denote by -Fpt(T) the set oi z £ Y such that the sequence {(M*)"|y : Y 
d)li{Y)}n£ti is equicontinuous at the one point z G Y. We set Jpt{T) Y \ Fpf{T). 

Remark 3.45. We have Fptir) C (r) and JO,(t) C Jpt(r) n J°eas(^)- 

We also need the following notations on the skew products. In fact, we heavily use the idea 
and the notations of the dynamics of skew products, to prove many results of this paper. 

Definition 3.46. Let F be a compact metric space and let F be a non-empty compact subset 
of CM(y). We define a map / : F^ x F ^ F^ x F as follows: For a point (7, y) G F^ x F 
where 7 = (71, 72, ■ • set /(7, y) := (cr(7), 7i(y)), where cr : F^ ^ F'*' is the shift map, that is, 

c(7i, 72, • ■ •) = (72, 73, • • •)• The map / : F'^ x y — > F'^ x F is called the skew product associated 
with the generator system F. Moreover, we use the following notation. 
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1. Let TT : X C ^ and ny : xY Y he the canonical projections. For each 7 S and 
n e N, we set := f^l^-i^^-^ : tt^^{'^} 7r~i{cr"(7)}. Moreover, we set /^_„ := 7„o- • -071. 

2. For each 7 e F^, we set J'^ := {7}x (c F^^^xF). Moreover, we set J(/) := U^er" ■^'^^ where 
the closure is taken in the product space F'* x Y. Furthermore, we set F{f) := (F^ x F) \ J(/) . 

3. For each 7 G F^, we set J-^^^ := t:~'^{j} H J{f), F'^''^ := 7r-i({7}) \ J^'^^ J^ .^ ^^^^X)^ 
and F^^Y ^ \ '^7.r- Note that C J^.r- 

4. When F C Rat, for each z = (7,^) G F^* x C, we set f'{z) := (7i)'(y). 

Remark 3.47. Under the above notation, let G — (F). Then 7ry(J(/)) C J{G) and tt o f — a o tt 

on F*^ X Y. Moreover, for each 7 g F'^, 7i(J^) C Jo-(-y), Ji{J'y,r) C Jcr(7),r, and f{J{f)) C J(/) (see 
Lemma IT^ . Furthermore, if F e Cpt(Rat), then for each 7 e F*^, ji{Jj) — Jai-y), li^iJai-y)) = >^7J 
7i(^7.r) = J.(7),r, 7r'(i.(7),r) = -^7^, /(J(/)) = J(/) = r\JU)). and /(^(/)) = ^(/) = 
f~^{F{f)) (see 1291 Lemma 2.4]). 

We now present the results. Even if Jkcr(Gr) / 0, we have the following. 

Theorem 3.48. Let t G ^i^ciV). Suppose that Jkcr(Gr) is included in the unbounded component 
of C \ {UH{Gt) n J{Gr))- Then, we have the following. 

1. For f-a.e. 7 G Xr, Leb2(J7) — Leb2(J^j^) — 0. 

2. For\jeh2-a.e. y G C, there exists a Borel subset Ay of X^- with f{Ay) = 1 such that for each 
7 G Ay, there exists an n — n(y,^) G N with 7n,i(2/) G F{Gr)- 

3. Leb2(J°(T)) -0. 

J^. For Leb2-a.e. point j/ G C, Taa.r is continuous at y. 

Remark 3.49. Let t G VJli^d'P)- If JiLcriGr) is included in the unbounded component of C \ 
(P(G'r)n J(Gi-)), then Jker(Gi-) is included in the unbounded component of C\(t/if(G'r)nJ(Gr)) 
(see Remark l2.13p . 

Remark 3.50. Let t G VJli^d'P)- Suppose that for each h G Ft-, ft, is a real polynomial and each 
critical value of ft in C belongs to M. Suppose also that for each z G P{Gr) n J{Gr), there exists an 
element G Gr such that gz{z) G F(Gr)- Then J]<ieriGr) is included in the unbounded component 

0iC\{UH{Gr)r\J{Gr)). 

3.5 Conditions to be Jker(G') = 

In this subsection, we present some sufficient conditions to be Jkor(G) — 0. The proofs are given 
in subsection 15.51 

The following is a natural question. 

Question 3.51. When do we have that Jkcr(G) — ^1 

We give several answers to this question. 

Lemma 3.52. Let T he a subset o/Rat such that the interior o/F with respect to the topology of 
Rat is not empty. Let G = (F). Suppose that F{G) ^ 0. Then, Jkcr(G) = 0. 

Definition 3.53. Let A be a finite dimensional complex manifold and let {g\}\^A be a family 
of rational maps on C. We say that {5a}agA is a holomorphic family of rational maps if the map 
(z. A) G C X A I— ;> g\{z) G C is holomorphic on C x A. We say that {^aIasA is a holomorphic family 
of polynomials if {^aIagA is a holomorphic family of rational maps and each ^a is a polynomial. 
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Definition 3.54. Let y he a, subset of V. 

1. We say that y is admissible if for each zq G C there exists a holomorphic family of polynomials 
{g\}xeA such that {gx \ X G A} C y and the map A n> qx^zq) is nonconstant in A. 

2. We say that y is strongly admissible if for each (zq, ho) e C x 3^ there exists a holomorphic 
family {(7a}agA of polynomials and a point Aq G A such that {g^ | A G A} C 3^, = ^Oj 
and the map A i— ?• gA(^o) G C is nonconstant in any neighborhood of Aq in A. 

Example 3.55. 

1. Let 3^ be a strongly admissible subset of V. Let y be endowed with the relative topology 
from 7^. If F is a non-empty open subset of y, then F is strongly admissible. If F' is a subset 
of y such that the interior of F' in y is not empty, then F' is admissible. 

2. P is strongly admissible. If F is a subset of V such that the interior of F in P is not empty, 
then F is admissible. 

3. For a fixed Hq G 7',3^ {ho + c \ c G C} is a strongly admissible closed subset of P. If F is 
a subset of y such that the interior of F in ^ is not empty, then F is admissible. 

Lemma 3.56. LetV be a relative compact admissible subset ofV. Let G = (F). Then, JkcrCG) = 0. 

Proposition 3.57. Let y be a closed subset of an open subset ofV. Suppose that y is strongly 
admissible. Letr G 3Jli,c(3^). LetVi be any neighborhood ofr indJti{y) and V2 be any neighborhood 
ofTr in Cpt(C). Then, there exists an element p G S[Jli(3^) such that p G Vi, Fp G V2, tJrp < 00, 
and Jkor(Gp) = 0. 

Remark 3.58 (Cooperation Principle III). By Lemma [3.561 Proposition 13.571 Theorems I3.14[ 
13.151 we can state that for most t G DJli^d'P), the chaos of the averaged system of the Markov 
process induced by r disappears. In the subsequent paper [JU], we investigate the further detail 
regarding this result. Some results of [ID] are announced in [51]. 

Example 3.59. Let r G DJli^d'P) be such that Ft- is admissible. Suppose that there exists an 
element /i G Fr with int{K{h)) = 0. Then K{Gr) = and the statements in Theorem 13.411 
hold. For, if K{Gt) 7^ 0, then since Ft- is admissible and since Gr{K{Gr)) C K{Gt), we have 
int(i^(Gr)) 7^ 0. However, since mt{K{h)) = this is a contradiction. Thus K{Gt) = 

From the above argument, we obtain many examples of r G 9Hi,c(P) such that K{Gt) = 0. 
For example, if h{z) — z"^ + c belongs to the boundary of the Mandelbrot set and Fr contains a 
neighborhood of h in the c-plane, then from the above argument, K{Gr) — and the statements 
in Theorem 13.411 hold. Thus the above argument generalizes |4j Theorem 2.2] and a statement in 
[2 Theorem 2.4]. 

3.6 Mean stability 

In this subsection, we introduce mean stable rational semigroups, and we present some results on 
mean stability. The proofs are given in subsection 15.61 

Definition 3.60. Let F be a compact metric space and let F G Cpt(CM(y)). Let G = (F). We 
say that G is mean stable if there exist non-empty open subsets [/, V of F{G) and a number 
n G N such that all of the following hold. 

(1) Fc [/ andUG F(G). 

(2) For each 7 G F^, ln,i(U) C V. 

(3) For each point z G y, there exists an element g € G such that g{z) G U. 
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Note that this definition does not depend on the choice of a compact set F which generates G. 
Moreover, for a F e Cpt(CM(y)), we say that F is mean stable if (F) is mean stable. Furthermore, 
for a r S S[)Ti,c(CM(y)), we say that r is mean stable if Gr is mean stable. 

Remark 3.61. It is easy to see that if G is mean stable, then Jkcr(G) = 0. 

By Montel's theorem, it is easy to see that the following lemma holds. 

Lemma 3.62. Let F G Cpt(Rat) he mean stable. Suppose tl(C \ V^) > 3, where V is the open set 
coming from Definition \3. 6(A Then there exists a neighborhood U ofT in Cpt(Rat) with respect to 
the Hausdorff metric such that each V ElA is mean stable. 

Proposition 3.63. Let F e Cpt(Rat+). Suppose that Jkor((F)) = and (F) is semi-hyperbolic. 
Then there exists an open neighborhood U ofTin Cpt(Rat) such that for each V G U, V is mean 
stable and Jker((F')) = 0. 

Remark 3.64. Let F £ Cpt(Rat+). Suppose that Jkor((F)) = and (F) is semi-hyperbolic. Then 
for a small perturbation F' of F, F' is mean stable, which is the consequence of Proposition 13.631 
but (F') may not be semi-hyperbolic. See Proposition 16. 11 - (c). 

Proposition 3.65. Let r e SJli^c be mean stable. Suppose that J{Gt) ^ 0- Let V be the set coming 
from Definition \3.60\ Let St ■= ULgMin(G C) ^" -^^^'^ '"'^ have all of the following. 

1. Sr C G*(V) C F{Gr). 

2. Let W := UAeCon(F(G.)),Ans.#0 ^- ^et Uw W e Gw{W) \ 3a e S\Mr{(p) ^ a^,ip ^ 
0} Moreover, let ■ LS(Z///,t-(C)) — > Cw{W) be the map defined by ip ^ v\w- Then 
^'vi'(LS(Z^/_r (C))) = LS(Wiy) and ■ LS(Z///,r(C)) — > 1jS{Uw) is a linear isomorphism. 

3. Let Z U^,Con(F(c.)),An^^^0 ^- ^ ^ ^^(^) ■ ^ S\ MA^) =a^,^^ 
0} Moreover, let z '■ LS(W/^t(C)) — ?> Cz{Z) be the map defined by tp ^ 'fi\z- Then 
*z(LS(Z^/,r (C))) = LS{Uz) and "^z ■ LS(Z///,r(C)) — ?> 1jS{Uz) is a linear isomorphism. 

Remark 3.66. Under the assumptions and notation of Proposition we have dime Cw{W) < 
oo and dimcCz(^) < oo. Thus, in order to seek W/,r(C) and Uv^riC), it suffices to consider the 
eigenvectors and eigenvalues of the matrix representation of Mr on the finite dimensional linear 
space CwiW) or Cz{Z). 

Remark 3.67. Let F e Cpt(Rat+) and let G = (F). 

1. Suppose that G is semi- hyperbolic and Jkor(G) = 0. Then by Proposition l3.631 G is mean sta- 
ble. Moreover, by Lemma [5.42[ the set V in Definition 13 .601 can be taken to be a small neigh- 
borhood of A{G) in F{G), where A{G) := G{{z S C | 3g e G s.t. .g(z) = z, \m{g,z)\ < 1}). 
In this case, {A e Con (F(G)) | A D G*{V) 7^ 0} = {A e Con(F(G)) | A n A{G) ^ 0.}. 

2. Similarly, suppose that G is hyperbolic and Jkor(G) ~ 0. Then by Proposition I3.63| G is 
mean stable. Moreover, by Lemma [5.42) the set V in Definition 13.601 can be taken to be a 
smah neighborhood of P(G) in F(G). In this case, {A G Con (F{G)) \ AnG*(F) ^ 0} = 
{A e Con(^^(G)) I A n P(G) + 0.}. 

3.7 Necessary and Sufficient conditions to be Jkcr(G'r) 7^ 

In this subsection, we present some results on necessary and sufficient conditions to be Jkcr(Gr) 7^ 0. 
The proofs are given in subsection 13.71 
The following is a natural question. 
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Question 3.68. What happens if Jkcr(Gr) ^ 0? 

Definition 3.69. Let F be a compact metric space with dim/f (y) < oo and let t G dJli,c{CM{Y)). 
Since the function 7 1— >■ dim// ( J^^r^) is Borel measurable and since (cr, f ) is ergodic, there exists a 
number a S [0, 00) such that for f-a.e. 7 € Tr, dimH{J-),rT) — ^- We set MHD(r) := a. 

Remark 3.70. Let F G Cpt(Rat+) and let G = (F). Suppose that G is semi-hyperbolic and 
F{G) ^ 0. Then, 7 1— J-y is continuous on F^ with respect to the Hausdorff metric (this is non- 
trivial) and for each 7 € F^, = J^j (see Lemma [5.421 and [29] Theorem 2.14]). Moreover, there 
exists a constant < & < 2 such that for each 7 G F'*', dim/f(J7) < b (see Lemma [5.421 and [32] 
Theorem 1.16]). Note that if we do not assume semi-hyperbolicity, then ^ 1-^ Jj is not continuous 
in general. 

Theorem 3.71. Let r G 5Jti.c(Rat_|_). Suppose that Gr is semi-hyperbolic and F{Gt-) ^ 0. Then, 
we have all of the following. 

1. dimH(Jp"i(r)) < MHD(t) < 2. 

2. Jker(GO C J°t{T). 

3. F^easir) = OTi(C) if and only if Jkcr(Gr) = 0- // Jkcr(G,) 7^ 0, t/ien J„ea«(T) = ajli(C). 
.i^. //, m addition to the assumption, jJF^ < 00, then we have the following. 

(a) G-i(Jkcr(G.)) c JO (r). 

(b) Mt/ier i^„eas(r) = MiiC) or Jptir) = J(G,). 

Remark 3.72. Let G be a hyperbolic rational semigroup with G fl Rat+ 7^ 0. Then, G is semi- 
hyperbolic and F(G) ^ 0. 

3.8 Singular properties and regularity of non-constant finite linear com- 
binations of unitary eigenvectors of Mr 

In this subsection, we present some results on singular properties and regularity of non-constant 
finite linear combinations of unitary eigenvectors of Mr : G(C) — >■ G(C). It turns out that under 
certain conditions, such ip is non-differentiable at each point of an uncountable dense subset of 
J{Gr) (see Theorem 13. 82p . Moreover, we investigate the pointwise Holder exponent of such Lp (see 
Theorem l3.82l and Theorem 13. 84p . The proofs are given in subsection 15.81 

Lemma 3.73. Let m G N with m > 2. Let Y be a compact metric space and let hi, /12, ■ • ■ , hm G 
OCM(r). LetG= {hi, . . .,hm). Suppose that for each {i,j) withi^ j, h:r\j(G))nhJ^ {J{G)) = 0. 
Then, Jkcr(G) = 0. 

Definition 3.74. For each m G N, we set := {{pi, . . . ,Pm) 6 (0, 1)™ | E^iPi = !}• 

Lemma 3.75. Let m G N with m > 2. Let h — {hi, . . . , hm) G (Rat)™ and let G = {hi, . . . , hm)- 
Let p = {pi, . . . ,pm) £ Wm and let r — X^^li Pj^hj ■ Suppose that J{G) ^ and that h~^{J{G)) fl 
hj\j{G)) = for each {i,j) with i ^ j. Then int( J(G)) = and for each ip G (LS(W/,^(C)))„c, 

J(G) = {z G C I for any neighborhood U of z,Lp\u is non- constant}. 

Definition 3.76. Let U he a. domain in C and let g : U C he a meromorphic function. For 
each z ^ U, we denote by ||(7'(z)||s the norm of the derivative of g at 2; with respect to the spherical 
metric. 



20 



Definition 3.77. Let m S N. Let h = (hi, . . . , hm) 6 (Rat)'" be an element such that hi, ... , hm 
are mutually distinct. We set F := {hi, . . . , hm}. Let f : x C x C he the skew product 

associated with F. Let /i £ OTi(F^ x C) be an /-invariant Borel probability measure. For each 
p — {pi, . . . ,Pm) G VV„i, we define a function p : F^ x C — > R by p{'y, y) := pj if 71 = hj (where 
7 = (71772, • • •))) and we set 

u{h,p,n) -^^ 

(when the integral of the denominator converges). 

Definition 3.78. Let h — {hi, . . . , hm) & 'P™ be an element such that hi, ... , h„i are mutually dis- 
tinct. We set F := {/ii, . . . , /i^}. For any (7, y) e F^xC, let G'^(y) lim„^oo dcg(7„ 1) \ln,iiy)\, 
where log"*" a := maxjlog a, 0} for each a > 0. By the arguments in for each 7 G F'*, Gj{y) ex- 
ists, G-), is subharmonic on C, and G^Ia^ ^ is equal to the Green's function on ^00,7 with pole at 00. 
Moreover, (7, y) G^{y) is continuous on F^ x C. Let := ddf^G^, where (F := ^{d — d). Note 
that by the argument in [161 HI] , is a Borel probability measure on such that supp ji^ = J^. 
Furthermore, for each 7 S F^, let r2(7) = 'Ylic^ii'^)^ 'where c runs over all critical points of 71 in 
C, counting multiplicities. 

Remark 3.79. Let h — (hi, . . . , h.^) £ (Rat+)™ be an element such that hi, . . . , are mutually 
distinct. Let F ~ {hi, . . . , hm} and let / : F^ x C ^ F^ x C be the skew product map associated 
with F. Moreover, let p = {pi, ■ ■ ■ ,Pm) & yVm and let r — J2^=i Pj^hj S 9}ti(F). Then, there exists 
a unique /-invariant ergodic Borel probability measure /i on F'^ x C such that 7r*(/z) = f and 
/i^(/|cr) = max^gg^(pH^p)^^^(pj^^^^^(^)^^/ip(/|cr) = EjLiPjlog(deg(/ij)), where hp{f\a) denotes 
the relative metric entropy of (/, p) with respect to (ct, t), and £i(-) denotes the space of ergodic 
measures (see [H])- This /i is called the maximal relative entropy measure for / with respect 
to (cr, t). 

Definition 3.80. Let ^ be a non-empty open subset of C. Let ip : V ^ €- he a, function and let 
y ^ V he a point. Suppose that Lp is bounded around y. Then we set 



m\{ip, y) := inf{^ £ M | limsup "^-^ = 00}, 

d{z,y)P 



where d denotes the spherical distance. This is called the pointwise Holder exponent of if at 

y- 

Remark 3.81. If H61(i^,y) < 1, then if is non-differentiable at y. If 'i{o\{if,y) > 1, then if is 
differentiable at y and the derivative at y is equal to 0. 

We now present a result on non-differentiability of non-constant finite linear combinations of 
unitary eigenvectors of Mr at almost every point in J{Gt) with respect to the projection of the 
maximal relative entropy measure. 

Theorem 3.82 (Non-differentiability of (ys G (LS(W/.r (C)))„c at points in J{Gt))- Let m G 

N with m > 2. Let h = {hi, . . . ,hm) G (Rat+)™ and we set F := {hi,h2, ■ . . ,hm}- Let G = 
{hi, . . . , hm)- Let p = {pi, . . . ,Pm) G VVm. Let / : F^ x C — > F'* x C be the skew product associated 
with T. Let r := Y."1iPj^hj G 5Hi(F) C Mi{V). Let fj. G Mi{r^* x C) be the maximal relative 
entropy measure for / : F^ x C — !■ F^ x C with respect to {<J,f). Moreover, let A := {TTf,)^,{fi) G 
9Jli(C). Suppose that G is hyperbolic, and h'^^{J{G)) H hJ^{J{G)) ~ for each {i,j) with i ^ j. 
Then, we have all of the following. 

1. Gf — G is mean .stable and Jkcr(G) = 0. 
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2. 0< dimH(J(G)) < 2. 

3. supp A = J(G). 

4. For each z G J(G), A({z}) = 0. 

5. There exists a Borel subset A of J{G) with X{A) — 1 such that for each zq ^ A and each 
ip £ (LS(i^/>(C)))„c, H61(^, zo) ^u{h,p,n). 



6. Ifh= {hi,...,h„,) er"\ then 
u{h,p,iJ.) = 



Ej=i Pj logdeg(/ij) + /p„ df (7) 



2 >dimH({z e J(G) | /or eac/i (p G (LS(iY/,^(C)))„c, H61(9?, z) = u{h,p,^)}) 
^ Ejli Pi logdeg(/ij) - J2T=i Pj logPj 

> — > u 

~ Ej=i Pj log deg(/ij) + /p« r2(7) (7) 

7. Suppose h = (hi, . . . , /i^) G T'™. Moreover, suppose that at least one of the following (a), (b), 
and (c) holds: (a) Yl^jLiPj ^'^SiPj deg(/ij)) > 0. (b) P*{G) is hounded in C. (c) m = 2. Then, 
u{h,p,fi) < 1 and for each non-empty open subset U of J{G) there exists an uncountable 
dense subset Au of U such that for each z G Au and each ip G (LS(iY/,r (C)))nc, is non- 
differentiable at z. 

Remark 3.83. By Theorems 13. 15l and l3.82[ it follows that under the assumptions of Theorem l3.82[ 
the chaos of the averaged system disappears in the G" "sense" , but it remains in the G^ "sense" . 

We now present a result on the representation of pointwise Holder exponent of 1^9 G (LS(^/^r (C))),^ 
at almost every point in J(Gr) with respect to the J-dimensional Hausdorff measure, where 
5 = <XmYH{J{Gr)). 

Theorem 3.84. Let m G N with m > 2. Let h — {hi, . . . ,hm) G (Rat+)"' and we set T :— 
{hi,h2,...,h„^}. LetG^ (/ii,...,/i„0. Letp= {pi,...,pm) G W™. Let f : x C ^ x C be 
the skew product associated with T. Let t := '^'JLiPj^hj £ C 9Jti(Rat+). Suppose that G is 

hyperbolic and h'^^ {J {G)) fl hJ^{J{G)) = for each {i,j) with i ^ j. Let 6 := dim// J(G) and let 
be the 5-dimensional Hausdorff measure. Let L : C{J{f)) — > C{J{f)) be the operator defined by 
L{(p){z) = T,f(w)=z'PH\\fi^)\\s^- Moreover, let L : C(J{G)) C{J{G)) he the operator defined 
by L{ip){z) = X]j=i '^h {w)=z 'Pi'^)\\^'ji''^)\\7'^ ■ Then, we have all of the following. 

1. Gf = G is mean stable and J\uax{G) = 0. 

2. There exists a unique element v G S[Jli(J(/)) such that L*{v) = i). Moreover, the limits 
a = lim„_j.oo -^"(1) G C{J{f)) '^'^'^ = lim„_^oo -^"(1) G C'(J(G)) exist, where 1 denotes the 
constant function taking its value 1 . 

3. Let V {'K(.)*{v) G OTi(J(G)). Then < (5 < 2, < H^{J{Gj) < 00, and v = h>-(.j(g)) - 

4. Let p := olD G 9Jti(J(/)). Then p is f -invariant and ergodic. Moreover, min^gjj^g) ol{z) > 0. 

5. There exists a Borel subset of A of J{G) with H^{A) = H^{J{G)) such that for each zq £ A 
and each ip G (LS(Z///_t-(C)))„c, 

Hol(<^, zo) = p) 
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Remark 3.85. Let to € N with m > 2. Let h ^ {hi, hm) e and let G = {hi, . . . , h„i). 
Let p = {pi, ■ ■ ■ ,Pm) e and let r = J2^jLi Pj^hj ■ Suppose that K{G) 0, G is hyperbolic, and 
h~'^{J{G)) n h-^{J{G)) = for each {i,j) with i ^ j. Then, by Lemma EUl] and Theorem[3J2l 

Too.r e (LS(Zi/,,(C)))„c. 

Remark 3.86. Let to G N with to > 2. Let h = {hi, . . . , h^n) £ and we set F {/ii, . . . , h^}- 
Let G = {hi,...,hm). Let p = e W™. Let / : x C ^ x C be the skew 

product associated with F. Let r := J2T=iPi^h, G a'Ji(r) C 2^1(7'). Suppose that k{G) 7^ 0, G is 
hyperbolic, and h~^{J{G)) f^ hJ^{J{G)) — for each {i,j) with i ^ j. Moreover, suppose we have 
at least one of the following (a),(b),(c): (a ) J2T= i Pi ^"Sfe deg(fej)) > 0. (b) P*{G) is bounded 
in C. (c) m = 2. Then, combining Theorem 13.821 Theorem 13.841 and Remark 13.851 it follows that 
there exists a number g > such that if pi < q, then we have all of the following. 

1. Let n be the maximal relative entropy measure for / with respect to {a, f). Let A = {11^)^,(1 e 
OTi(J(G)). Then for A-a.e. zq G J(G) and for any ip e LS(W/,^(C))„c (e.g., if = T^,r), 
limsup„_j.o2 ^'^^I'^I^pI^"''^ — 00 and ip is not differentiable at Zq. 

2. Let (5 = dimH(J(G)) and let be the (5-dimensional Hausdorff measure. Then < 
H^{J{G)) < 00 and for iJ-'-a.e. zq G J(G) and for any (p e LS(Z^/^^(C)) (e.g., ip = Too.r), 
limsup„_j.o2 ^'^''j'^Z^fi^""'^ = and tp is differentiable at zo- 

Combining Theorem 13. 151 and Theorem l3.821 we obtain the following result. 

Corollary 3.87. Let to G N with to > 2. Let h = {hi, . . . , hm) G V"^ and we set F :— {hi, . . . , hm}- 
Let G = {hi,...,h„i). Let p = (pi,...,p„) e W™. Lei / : F^* x C ^ F^ x C 6e i/ie sfcew 
product associated with F. Let r := J^^LiPj^'h ^ 9JTi(F) C 9Jti(7'). Suppose that K{G) G is 
hyperbolic, and h~^{J{G)) H hJ^{J{G)) = /or eac/i (j,i) with i ^ j. Moreover, suppose we have 
at least one of the following (a), (b), (c): (a) Y^"^^iPj^og{pj deg{hj)) > 0. (b) P*{G) is bounded 
in C. (c) TO = 2. Let ip £ G(C). Then, we have exactly one of the following (i) and (ii). 

(i) There exists a constant function G G(C) suc/i i/iat M"((/3) C as n 00 m G(C). 

(ii) There exists an element ip G (LS(t//_r (C)))„c ft'^rf a number I G N SMc/i t/iat 

- Ml(V') = V', 

- {M^(V')};cJ, C {LS{UfAmnc C Gf (G)(C), 

- there exists an uncountable dense subset A of J{G) such that for each zg G A and each 
j, M^{'ip) is not differentiable at zq, and 

- Mf+^{Lp) Ml{'il)) as 00 for each j = 0, 1. 

We present a result on Holder continuity of G LS(W/.r(C)). 

Theorem 3.88. Let to G N with m > 2. Let h = {hi,...,hjn) G Rat™ and we set F := 
{hi,...,hm}- Let G = {hi,...,hm)- Let p = {pi,...,pm) G W™ and let r := YJ^=iP3^hj G 
9Jti(F) C 9Jti(Rat+). Suppose that G is hyperbolic and h~^{J{G)) H h~^{J{G)) = for each {i,j) 
with i ^ j. Then, G is mean stable and there exists an a > such that for each ip G LS(Z///^r (C)), 
(/3 ; C — > [0, 1] is a-Holder continuous on C. 

Remark 3.89. In the proof of Theorem 13.821 we use the Birkhoff ergodic theorem and the Koebe 
distortion theorem, in order to show that for each ip G (LS(W/^T-))nc, H61(iy9, zq) — u{h,p,fj,). 
Moreover, we apply potential theory in order to calculate u{h,p, /i) by using p, deg{hj), and $^(7). 
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4 Tools 



In this section, we give some basic tools to prove the main results. 

Lemma 4.1 (Lemma 0.2 in 29 ). Let Y be a compact metric space and let F € Cpt(OCM(y)). 
LetG={T). Then, JiG) = [j^^j,h-^{J{G)). In particular, if G = {hi, . . . ,hm) C OCM{Y), then 
J{G) ~ Uj'li ^J^iJ{^))- This property is called the backward self-similarity. 

Proof. By Lemma [2?6l J{G) D [Jher ^^^i'^i^))- using the method in the proof of [29l Lemma 
0.2], we easily see that J(G) c Uher ("^(G))- Thus, J(G) = Uher ^"^("^(G))- □ 

Notation: Let F be a topological space. Let /i G 9Jli(F) and let </? : F M be a bounded 
continuous function. Then we set //((/?) Jy f dfi. 

Lemma 4.2. Let Y be a compact metric space and let r e 9Jli(CM(y)). Then, we have the 
following. 

1. {M::)-HFmeas{r)) C i^^easM, and {M*)-\F^,,,{t)) C FO_(r). 

2. Let y £ Y be a point. Then, y G Fpt{T) if and only if there exists a neighborhood U of y 
in Y such that for any (p G C(Y), the sequence {z ^ M^{(f)){z)}neN of functions on U is 
equicontinuous on U. Similarly, y G F'pti''') if O'f^d only if for any (j) G C{Y), the sequence 
{z (H- M"(0)(z)}gi!} of functions on Y is equicontinuous at the one point y. 

3. FrneasiT)nY CFptir). 

5. F{Gr) C Fptir). 

6. F^,{t) ^Y if and only tf Fmeasir) = MiiY). 

Proof. Since M* : DJli{Y) — > dJli{Y) is continuous, it is easy to see that statement [1] holds. 

Let {(j)j}j(zfii be a dense subset of C{Y) and let do be as in Definition 12.161 We now prove 
statement [21 Let y G Fptij). Then there exists a neighborhood [/ of y in X with the following 
property that for each z & U and each e > there exists & 5 — 5{z, e) > such that if d{z, z') < 
6,z' e U then for each n G N, dQ{{M;y'{5,,), {M;y'{6,.)) < e. Let z e U and let e > 0. Let 
G C{Y) be any element and let ipj be such that |j0 — (j)j\\oo < £• Let d = 6{z, ~). Then for each 
n G N and each z' G U with d{z,z') < S, d\tlM"^)V!m^^^^^^ < ^ence for each 

n G N and each z' e U with d{z,z') < S, \{{M*)"{sS){<Pj) ~ iiM;)"iSj)){(t>j)\ < It follows 
that for each n G N and each z' with d{z, z') < 6, 



Therefore, {z i— > M"(0)(z)}„gN is equicontinuous on U. To show the converse, let y G X and sup- 
pose that there exists a neighborhood U of y in X such that for any <j) G C{Y), {z M> Af"((/))(z)}„gN 
is equicontinuous on U. Let z € U. For each e > 0, there exists an no G N such that X]n>no W ^■ 
Moreover, there exists a (5 > such that if z' G ?7 and d{z, z') < S, then for each n G N and each 
j = 1, . . . ,no, \M:^i(l>j){z) - Mi;{(j)j){z')\ < e/no. It follows that if z' G C/ and d{z, z') < 6, then 
for each n G N, do((M;)"(5^), (M;)"((5^.)) < 2e. Therefore, y G Fpt(r). Thus, we have proved 
that y G Fptij) if and only if there exists a neighborhood U of y such that for any (j) G G{Y), 
{z I— > M"((/))(z)}„gN is equicontinuous on U. Similarly, we can prove that y G Fp^{T) if and only 
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if for any (/) G C{Y), {z i-^ M"((/))(z)}„gN is equicontinuous at the one point y. Hence, we have 
proved statement [21 

Statement [3] easily follows from the definition of F„ieas{T) and Fpt{T). 

We now prove statement From the definition of F^^^^{t) and Fpj(r), it is easy to see that 
PmeasiT)f^Y C F°j(t). To show the opposite inclusion, let y G F°^{T). Let e > and let (j) S C{Y). 
Then there exists a (5i > such that for each y' G Y with d{y,y') < 6i and each n G N, we 
have \M^{(j)){y) - M:^{(j)){y')\ < e. Moreover, there exists a S2 > such that for each /i G 2^1(1") 
with do{Sy,iJ,) < 62, we have n{{y' G Y \ d{y',y) > Si}) < e. Hence, for each fi G 9Jli(F) with 
do{Sy,^) < 62 and for each n G N, we have 

|((M;)"(<5,))(0) - ((M;)"(m))(0)| = I / M^my) d^(y') - / M;(0)(y') df,{y')\ 

JB{y,5t) JB{y,Si) 

MJ^{<t^){y) df,{y') - [ MJ^my') d^i{y')\ 

Y\B{y.Si) JY\B(y,Si) 

< f mmy) - Ml^my')\ d^,{y') + 2e||0|U 

JB{yM) 



Hence, 5y G F^^^^{t). Therefore, Fpf{T) C F^^^g{T) n Y. Thus, we have proved statement SI 

We now prove statement El Let y G F{Gr)- Then there exists a neighborhood _B of y in 
Y such that Gr is equicontinuous on B. Let (p G C(Y) and let e > 0. Since </> : F R is 
uniformly continuous, there exists a (5i > such that for each z, z' G Y with d{z, z') < (5i, we have 
\(i>{z) — <i>{z')\ < e. Let z G B. Since Gr is equicontinuous on B, there exists a. S2 > such that for 
each z' G B with d{z,z') < 82 and for each g G Gr, we have d{g(z), g{z')) < Si. Hence, for each 
z' & B with d{z, z') < 62 and for each n G N, we have 

|m;(0)(z) - M,"(</))(z')l = I J HlnAz)) df{j) - J HlnA^')) dfh)\ 

< I |0(7„,iW)-'^(7n,i(^'))l rfr(7)<e. 



From statement m it follows that y G Fpt{T). Therefore, F{Gr) C Fpt{T). Thus, we have proved 
statement [5l 

We now prove statement [Hj It is easy to see that if Fmeas{T) = DJti{Y) then Fp^{T) — Y. To 
show the converse, suppose F^iij) = Y. Then Fptir) = Y. Suppose that there exists an element 
M G Jmeasi'^)- Then there exists an element G C(Y), an e > 0, a strictly increasing sequence 
{TijljgN of positive integers, and a sequence {/ij}jeN in with jij — > ^ such that for each 

jgN, 

i((M;r^(^))(</.) - ((Acr- wi > (3) 

Combining Fpt^r) — Y and the Ascoli-Arzela theorem, we may assume that there exists an element 
■0 G C{Y) such that Mr' {(j)) ^ V as j -> 00. Hence, for each large j G N, ||M"'(0) - ■f/'ljoo < f ■ 
Moreover, since Hj — > /i, we have that for each large j G N, Ifijitp) — < f • It follows that for 

a large j G N, 

i((m;)"^(m))(0) - ((A/;r)(M,)(</')i < \m:rMm-t^m + 

+ lM,W-((Af;r)(A^.)(</')l 

< e. 

However, this contradicts ©. Hence, -F^ea^C'^) Therefore, Fmeasir) OTi(y). Thus, 

we have proved statement |6l 

Hence, we have completed the proof of Lemma 14.21 □ 
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Lemma 4.3. Let Y he a compact metric space and let t € S!7li.c(CM(F)) with Tr C OCM(F). Let 
y eY be a point. Suppose that f (^{7 = (71,72,73, ■ ■ ■) £ \ y £ fl^i li^ ■ ' • 77^('^(^^))}) = 0- 
Then, we have that y e F^^ir) = F^^^^{t) n Y. 

Proof. By the assumption of our lemma and Lemma 12.61 '^6 obtain that for f-a.e. 7 £ Xr , 
lim„_>oo l_F(G^)(7n,i(2/)) = 1- Hence hm„^oo Jx^ 1_f(g^) (7«4(y)) df{'j) = 1. Therefore, for a given 
e > 0, there exists an no G N such that for each n G N with n > uq, f({7 G X^- \ 7„,i(y) G 
F{Gr)}) > 1 — e. Since F{Gr) is an open subset of a compact metric space, F{Gr) is a countable 
union of compact subsets of F{Gt). Hence, there exists a compact subset K of F{Gr) such that 
f ({7 G Xr I ^no,i{y) £ K}) > 1 — 2e. Since Gr is equicontinuous on the compact set K, for a given 
(f) G C(F), there exists a. di > such that for each z ^ K, z' £ Y with d(2, z') < 61 and for each 
I G N, |Mj((/>)(z) — Ml{(j)){z')\ < e. Moreover, since Tr is compact, there exists a ^2 > such that 
for each y' E Y with d{y,y') < 82 and for each 7 G Xr, d(7no,i(y), 7tio,i(j/')) < '^i- It follows that 
for each y' <E Y with y') < 62 and for each / G N, 

\M^o+'my) - M^«+\4,){y')\ - |Af;« (A4(0))(y) - Af,""(M|(0))(y')l 

= I / (Mim^^oAy)) ~ Mlm^noAy'))) dT(7)| 

JX-r 

< I \MUin„Ay)) " MUmjnoAy')\ dfh) 

+ f \MUlnoAy)) - A4(0)(7„o,i(2/')I df{^) 

< e + 2e-2||<?!)||oo. 

Therefore, by Lemma [4.2l l2l we obtain that y G Fpf{T). Thus, we have completed the proof of 
Lemma 14.31 □ 

Lemma 4.4. Let Y be a compact metric space and let F G Cpt(CM(r)). Let f : xY T^'^ xY 
be the skew product associated with T. Then, f{J{f)) C J{f) and for each 7 G F, 71 (J7) C Ja{'-i) 
and 7i(J-y,r) C J-y,T- 

Proof. Let 7 G F^. Let y £ Y and suppose 71 (y) G -F'ct(7)- Then it is easy to see that y E F.y. Hence, 
we have ii{J-y) C J^(7). By the continuity of / : F^* x F ^ F^* x F, we obtain f{J{f)) C J{f). 
Therefore, 7i(J7,r) C J7,r- Thus, we have completed the proof of our lemma. □ 

Lemma 4.5. Let F G Cpt(Rat) and let G = (F). Let f : x C T^"^ x C be the skew 
product associated with F. Then, 7rg(J(/)) — J{G) and for each 7 = (71,72,...) G F'^, we have 

4r = nr=i7r'---77'(^(G)). 

Proof. We first prove n^{J{f)) — J{G). Since J7 C J(G) for each 7 G F^, it is easy to see 
7rg(J(/)) C J{G). In order to show the opposite inclusion, we consider the following four cases: 
Case 1: tt(J(G)) > 3; Case 2: J(G) = 0; Case 3: J(G) = {a}; and Case 4: J(G) = {ai,a2},a i ^ 03. 
Suppose we have case 1: jj( J(G)) > 3. Then, by PSI, Lemma 2.3 (g)], J(G) = Ugec ^id)- Hence, 

^c(-^~(/)) = J(G). 

Suppose we have case 2: J{G) = 0. Then it is easy to see TT^{J{f)) — J{G) — 0. 

Suppose we have case 3: J(G) = {a}, a G C. Then G C Aut(C). Since g-^{J{G)) C J(G) 
for each g G G, it follows that g{a) = a for each g G G. If there exists an element g € G with 
\m{g,a)\ < 1, then the repelling fixed point 6 of 5 is different from a and b G J{G). This is a 
contradiction. Hence, |TO(g,a)| > 1 for each g G G. If there exists an element g such that g is 
either loxodromic or parabolic, then a G J{g) C J(G) and it implies 7rg(J(/)) = J{G). Hence, in 
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order to show 7rj,(j(/)) = J{G), we may assume that each g G G is either an eUiptic element or 
the identity map. Under this assumption, we will show the following claim: 
Claim 1: There exists an element 7 G such that J-y = {a}. 

In order to prove claim 1, since we are assuming J{G) = {a} ^ 0, there exists an hi G F and an 
/i2 G F such that jl(Fix(/ii)) = 2 and jl(Fix(/ii) n Fix(ft,2)) = 1, where Fix(-) denotes the set of all 
fixed points. By [191 page 12], /ii/i2^r^^2^^ parabolic. Hence, there exists a sequence {gm}m=i 
in the semigroup {hi, /12) and a parabolic element h G Aut((C) such that g,n ^ h as m 00. We 
may assume that Fix(/ii) n Fix(/i2) = {a} and a — 00. Then there exists a sequence {nm}m=i 
NU {0} such that sup{d(oo, z) | z G gj^" • • • 5"^ (D)} as m 00, where D denotes the unit disc 
and d denotes the spherical distance. Let 7 G {hi, /i2}^ be an element and {km}m=i a sequence in 
N such that 7fe„,i = gJJ," ■ • -5"^ for each m G N. Then sup{d(oo, z) \ z & 7fc„,i(©)} — )> as m — 00. 
Hence, if — 0, then ^k,„,i — 00 as m co uniformly on C. It implies that for each e > there 
exists a j E N such that 7a; .i(C) C B{oo, e). However, this is a contradiction. Therefore, we must 
have that 7^ 0. Hence, wc have proved claim 1. 

By claim 1, 7r^{J{f)) = J(G) = {a}. 

We now suppose we have case 4: J(G) = {ai,a2},ai ^ a2- Then G C Aut(C). Since 
g"^(J(G)) C J(G) for each 5 G G, it follows that g{J{G)) = J(G) for each g G G. Hence there 
exists no parabolic element in G. Let A := {gi o g2 \ 51,52 G F}. Then A is a compact subset of 
Aut(C). It is easy to see that J({A)) — J{G). Moreover, for each g G A, g{ai) = ai for each i = 1,2. 
Since each Ui belongs to J(G) = J((A)), it follows that for each i = 1,2, there exists an element 
gi & A such that \m{gi,ai)\ > 1. Hence, a.^ G J{gi)- Therefore, iT^{J{f)) — J{G) = {ai,a2}. 

Thus, we have proved that ■K^{J{f)) = J[G). 

We now prove that for each 7 = (71,72, . . .) G F^, J^x = fl^i lJ,i{J{G)). Let 7 = (71,72, .. .) G 
F^. By [32, Lemma 2.1], we see that for each j G N, 7j,i(j7,r) = •^(7^(7), r C J{G). Hence, 
J-y^T C C[jLilJ.i{J{^))- Suppose that there exists a point (7,?/) G F^ x C such that y G 
(rijli lJ,i{J{G))^ \ J-y.r- Then, we have (7, y) G (T^^ x C) \ J(/). Hence, there exists a neighbor- 
hood [/ of 7 in F**^ and a neighborhood y of y in C such that U x V C F{f). Then, there exists 
an n G N such that {p G X-r \ pj = = 1, . . . ,n} C U. Combining it with [32j Lemma 2.1], we 
obtain F{f) D f"{U x V^) D F^* x {7„4(y)}. Moreover, since we have 7„,i(y) G J(G) = n^{J{f)), 
we get that there exists an element 7' G F'* such that (7', 7n,i(2/)) G J{f)- However, it contradicts 
(7',7n,i(2/)) 6 FN X {7n,i(2/)} C F{f). Hence, we obtain J^(/) = r\T=i lJ.l{J{G))- 

Thus, we have proved Lemma [4.51 □ 

Lemma 4.6. Let Y he a compact metric space and let r G 9}li_c(CM(y)). Let V he a non- 
empty open suhset of Y such that GriV) C V. For each 7 = (71,72,...) G Xr, we set L^ := 
fXjLi iJiO^ \ Moreover, we set Lkcr := Hgec 9^^0^ \ y <E Y he a point. Then, we 

have that 

f({7 &Xr\y€Ly, liminf d(7„.i(2/),ikcr) > 0}) = 0. 

n— >cxD 

(When ikcr — 9, we set (i(z,ikcr) ■= 00 for each z G Y.) 

Proof. For each c > 0, we set Ec {7 G Xt- \ y G i-y, Vn, (i(7„.i(j/), ikor) > c}. In order to prove 
our lemma, it is enough to show that for each c > 0, f{Ec) — 0. It clearly holds when y € V. 
Hence, we assume y €Y\V. Let Be ■— {z € Y\V \ d{z, Lkcr) > c}. For each z G Be, there exists a 
positive integer k{z), an element {ai^z, . . . , Q!fe(2) 2) G Fr'^^'' , a neighborhood Uz of {0^1, z, ■ ■ ■ , (^k(z),z) 
in Tr^^\ and a Sz > such that for each a ~ {ai, . . . ,ak(z)) G Uz, ak(z) ■ ■ ■ 0'iiB{z,dz)) C V. 
Since Be is compact, there exists an / G N, a finite sequence {k{j)}j^i in N, a finite subset 

{zjYj^i of Be, a finite subset {aj — {aj^i, . . . ,aj^k(j)) G rT*^"'''}j=i: a neighborhood JX, of aj in 
Fr*^"''' for each j — l,...,l, and a finite sequence such that [Jj^i B{zj,dj) D Be and 
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such that for each j = and each a = (ai, . . . , Q:j;(j)) £ Uj, ak{j) ' ' ' o^iiB(zj,Sj)) C V. 

Since Gr{V) C V, we may assume that there exists a fc £ N such that for each j ~ 1,. ..,1, 
k{j) — k. For each rt G N, we set := {j E Xr \ Jjk.iiy) G Bc,j = For each 

7 = (tii 72, ■ • ■) G E^, there exists a neighborhood of (71, ... , 7„fe) in F"'^ and a ^(7) G N such 
that for each a G A^, dtnk ■ ■ ■ 5i(y) G B{zj(^^), ^j{-y))- Hence, there exists a finite sequence {PFi}^^^ 
of subsets of F"*^ and a finite sequence {p{i)}l^i of positive integers such that setting E"'"^ := 
{-/ e E^ \ (7i,...,7„fc) G PFi}, we have that E^'"" C {7 G | 7nfc,i(y) e B{zp(^,),Sp(^i))} and 

= ULi K'''- Let a := max,.i,...,i{(®^^ir)(F^ \ [/,)}(< 1). Since = lJLi(i?r' n 

it follows that for each n G N, 



HK^') - E ^(^c^' n ^c'') E ^({^ e X. 1 (7„fc+i, . . . , 7(n+i)fe) ^ t^p(.)} n E^'') 

r r 

= E(®tiT)(r^ \ c/pw) • fiKn < «E^(^"'^) = «^(^")- 



Combining it with Ec C Pl^i-^c' '^^ obtain that f{Ec) < ^(n^i-E") = 0. Thus, we have 
completed the proof of Lemma 14.61 □ 



Proposition 4.7 (Cooperation Principle I). Let Y be a compact metric space and let r G 9Jti.c(CM(F)) 
with Tt C OCM(y). Suppose that Jkor(Gr) = 0- Then, Fmeas{T) — ^ffli{Y) and for each y Q Y, 
there exists a Borel subset Ay of Xr with r^Ay) = 1 such that for each 7 G Ay, there exists an 
n G N with 7„a(y) G F{Gr)- 

Proof. Let V :~ F{Gt)- By Lemma [2.61 for each g G Gr, g{V) C V. By Lemma [4.6) we obtain 
that for each y eY and for f-a.e. 7 G Xr^ there exists an 77, G N such that ^n,i{y) G F{Gt)- From 
Lemma [4.31 and Lemma [4.2l [6l it follows that Fmeas{T) — '^i{Y). Thus, we have completed the 
proof of Proposition H??! CH 

Proposition 4.8. Let Y be a compact metric space. Let X be a Borel finite measure on Y. Let 
T G a)ti,c(CM(y)) with Tr C OCM(r). Suppose that Jkcr(Gr) = 0- Then, for f-a.e. 7 G Xr, 
A(J^) = A(i^,rJ=0. 

Proof. By Proposition 14.71 for each y G F, for f-a.e. 7 G Xr, there exists an n G N such that 
7n,i(y) S F{Gr) <Z {Y \ U^ex J-y-T^)- Combining it with Lemma [4.4[ we obtain that for each 
2/ G F, f({7 G Xr I (7,2/) G J{f)}) — 0. From Fubini's theorem, it follows that for f-a.e. 7 G Xr, 
^{J^Xt) — 0- Since C J-yXr each 7 G Xr, we obtain that for f-a.e. 7 G Xr, A(J^) — 0. 
Thus, we have completed the proof of Proposition 14.81 □ 



Lemma 4.9. Let Y be a compact metric space and let X be a Borel finite measure on Y. Let r G 
2ni,c(CM(r)) withTr C OCM(r). Suppose that for f-a.e. 7 G Xr, Kr\%ili^ ■ ■ ■ ij^ {J{Gr))) = 
0. Then, for X-a.e. y eY , there exists a Borel subset Ay of Xr with f(Ay) — 1 such that for each 
7 G Ay, there exists an n G N with jn,i{y) G F{Gr). Moreover, A(Jp((r)) = 0. 

Proof. Let / : Xr x y — Xr x y be the skew product associated with Ft-. Let M := {(7,2/) G 
Xr X y I Vn G N,jn.i{y) G J{Gr)}. By the assumption of our lemma and Fubini's theorem, we 
obtain that there exists a measurable subset Z oiY with A(Z) — X{Y) such that for each y £ Z, 
f({7 G Xr I (7,?/) G M}) = 0. For this Z, we have that for each y € Z, f({7 e Xr \ y e 
njLi li^ ■ • ' Ij'^iJiC'r))}) — 0. By Lemma [43l we obtain Z C Fpf{T). Thus, we have completed 
the proof of our lemma. □ 

5 Proofs of the main results 

In this section, we prove the main results. 
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5.1 Proofs of results in subsection 13.11 

In this subsection, we give the proofs of subsection 13.11 



Proof of Theorem mi) Since NHM (CP") C OCM(CP"), the statement of TheorenilXTlfollows 
from Proposition 14.71 and Proposition 14.81 □ 



In order to prove Theorem 13. 151 we need several lemmas. 
Lemma 5.1. Under the assumptions of Theorem \3.15[ jJJ(Gr) > 3. 

Proof. Suppose P{Gr) < 2. Then, Gr C Aut(C). By Lemma [Ml it follows that Gr{J{Gr)) = 
J{Gr)- This implies JkcriGr) = J{Gr), which contradicts our assumption. Thus, our lemma 
holds. □ 

Lemma 5.2. Under the assumption of Theorem \S.15l there exists a Borel measurable subset A 
of Xr with f{A) = 1 such that for each j £ A and for each U £ Con{F{Gr)), there exists no 
non-constant limit function of {jn.ilu ■ U — ClJ^i- 

Proof. Since jJCon(F(Gr)) < Hq, it is enough to show that for each U E Con(F(Gr)), there exists 
a Borel measurable subset Ajj of Xr with f{Au) — 1 such that for each 7 G Ajj, there exists no 
non-constant limit function of {7n,i|j/ : U — > C}5^Li- In order to show this, let U E Con(F(Gr)) 
and let a €U. Since Jkor(Gr) = 0, for each z e dJ(Gr) there exists an element G Gr and a disk 
neighborhood Vz of z in C such that gz{Vz) C F(Gr). Since dJ{Gr) is compact, there exists a finite 
family {zi, . . . , Zp} of points in dJ{Gr) such that Uj=i ^ dJ{Gr) and gzj{Vzj) C F{Gr) for 

each j = 1, . . . ,p. For each j, there exists a k{j) e N and an element = {a{, . . . , Q^i(j)) G Fr''"''' 
such that gzj — c^fe(j) ° ■■■ ° ol\. Since Gr{F{Gr)) C F{Gr), we may assume that there exists 
a fc G N such that for each j E N, k{j) = k. For each j, let Wj be a compact neighborhood 
of in F^ such that for each /3 = (/3i,...,^fc) G IF,-, /?fc--- ^(^4") C F{Gr). For each j, let 
UsgCon(_F(G )) Bnv .^9 n E N and let {cgjggN be a decreasing sequence of positive 

numbers such that — > as q — >■ 00. Let (ii, . . . ,ii) be a finite sequence of positive integers with 
ii < ■ ■ ■ < ii. Let g > 0. We denote by Aqj{ii, . . . ,ii) the set of elements 7 G Xr which satisfies 
all of the following (a) and (b). 

(a) iktsia) e iC\B{dJiGr),Cg))nBj if t E {ii, ... ,ii}. 

(b) 7fc*,i(a) ^ (C \ B{dJiGr). c,)) n if t G {1, . . . , n} \ {ii, . . . , ii}. 

Moreover, when I > n, we denote by -Bgj.n(ii, . . . ,ii) the set of elements 7 G Xr which satisfies 
items (a) and (b) above and the following (c). 

(c) (7fci,+i, . . . , lki,+k) ^ Wj for each s = n, n + 1, . . . , L 

Furthermore, we denote by Gqj^n{ii, ■ ■ ■ ,ii) the set of elements 7 G Xr which satisfies items (a) 
and (b) above and the following (d). 

(d) ilkis+i, Ikis+k) ^ Wj for each s = n, n + 1, . . . , Z - 1. 

Furthermore, for each g, j, n,l with / > n, let Bqj^n,i ■— Uii<- -<i, ■ • ■ 1 V := 

U^i Ui=i U„GN Bg^j^ri,i- We show the following claim. 

Claim 1. Let 7 G Xr be such that there exists a non-constant limit function of {'^n,i\u '■ U — > 
C}^=i. Then 7 G P. 

To show this claim, let 7 be such an element. Then there exists a g G N, a j G {1, . . . and 
a strictly increasing sequence in N such that 7 G Pli^i ■ ■ ■ tH) and {7fci,,i|c/ : C/ — s> 

C}^]^ converges to a non-constant map. Suppose that there exists a strictly increasing sequence 
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{lp}'^i in such that for each p £ {-fkii^+i, ■ ■ ■ ,7kii^+k) S Wj. By Lemma [5TT1 for each 
A G Con(i^(GT-)), we can take the hyperboHc metric on A. From the definition of Wj , we obtain that 
there exists a constant < a < 1 such that for each p G N, ||(7fei, +k ■ ■ ■ Iki, +i)'(7fei, — 
where for each g € Gr and for each z E F{Gr), \\9'{z)\\h denotes the norm of the derivative of g 
at z measured from the hyperbolic metric on the clement of Con(_F'(GT-)) containing z to that on 
the element of Con(F(Gr)) containing g{z). Hence, ||(7fci,p,i)'(a)||/i — as p — >■ oo. However, this 
is a contradiction, since {"fkii^,i\u}^i converges to a non-constant map. Therefore, "f eT). Thus, 
we have proved claim 1. 

Let rj := max^^j(ig)^^;^T)(r^ \ Wj) (< 1). Then we have for each {l,n) with I > n, 

f{Bq,j^n{il, ■ ■ ■,k+l)) < T{CqJ.n{il,. ■ • H {7 G | {-fki, + ,+l, ■ ■ • ,7fei, + i+fc) ^ Wj}) 

Hence, for each I with I > n, 

T{Bq^j^n.i+i) =r{ IJ Bgj,„(ii, . . . = ^ f(Bq,j,„(ii, . . . , 

il<---<il + l ii<---<ii + i 

il<---<i! + i il <---<ii-l-i 

Therefore f(2?) < J2'^=iJ2'j=iJ2neN^(C\i>n^<]J^^,i) = 0- Thus, we have completed the proof of 
Lemma 15.21 □ 



Lemma 5.3. Under the assumptions of Theorem \3.15\ there exists a Borel measurable subset V of 
Xr with f(V) = 1 such that for each 7 G V and for each Q £ Cpt{F{Gr)), sup^jgg ||7n,i(ti)||/i ^ 
as n — 5> 00, where ||7^i(a)||/i denotes the norm of the derivative of jn.i at a point a measured 
from the hyperbolic metric on the element Uq € Coii{F (Gt)) with a £ Uq to that on the element 
Un e Con(i^(G^)) with 7„,i(a) £ C/„. 

Proof. Let A be the subset of Xr in Lemma 15.21 Let U £ Con(F(GT)) be an element and 
let ao e U. Let 77(00) := {7 £ ^ | d(7„,i (ao), J(Gr)) ^ as n 00}. Let {Vj, 
fc, {W^jlj^i be as in the proof of Lemma [5.21 For each {n,rn) £ with n < m, let En^m ■— {7 G 
A I 7ife.i(ao) G Uj=i ^Zji* = n, . . . ,m}. Let {n,m) £ with n < m. Then there exist mutually 
disjoint Borel subsets Zi, . . . , Zr of F™*^ and a sequence {j(s)}^^i C {1, . ■ . ,p} such that setting 
En,m,s := {7 G En^rn \ ill, ■ • • , 7mfc) G Z^}, wc havc En,m,s C {7 £ X,- | 7mfc,i(ao) £ } and 
En,m = n^=i-Bn,m,s- Let a := maxP^i{((g)*LiT)(F^ \ Wj)} (< 1). Since = H^^i(i;„,„+i n 

^^n,m,s), we have 

r 

l) = ^ ,„+i n -E„,„i,s) 

s=l 
r 

^ I (7mfc+l, • • ■ ,7(m+l)fc) ^ W^i(s)} ni;„,m,s) 

s=l 

r r 

= 51(®tl^)(rr \ • fiEn,m,s) < « ^ ^ (^^n.m.s) = ar(£;„,™). 

s=l s=l 

Therefore, 'r(nrneN:m>n ^«.™) = fo'" '^^'^^ n £ N. Thus, f{f]{ao)) = 0. Let 7 £ ^ \ 77(00) be an 
element. Then for each compact subset Qq of U there exists a compact subset G of F{Gr) and a 
strictly increasing sequence {7nj}°^]^ in N such that jnij.iiQo) C G for each j £ N. Therefore, for 
each 7 £ ^\7;(ao), sup^j^^gg^ ||7^_i(il'o) IU ^> as 7i ^ 00. From these arguments, the statement of 
our lemma follows. □ 
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Lemma 5.4. Under the assumptions of Theorem \3.15[ statement\^ of Theorem \3.15\ holds. 



Proof. Let z G C. By Proposition l4.71 there exists a Borel subset A!^ of with T(yl^) = 1 such that 
for each 7 G A'^, there exists an n G N such that 7„,i(z) € F{Gr). Let := n Pl^o ^ 
where A is the set in Lemma 15.21 Then Az satisfies the desired property. □ 

Lemma 5.5. Under the assumptions of Theorem \3.15[ jJMin(GT,C) < 00. 

Proof. Let {zj}^^^, {gzj}^=i and {Vj}^^^ be as in the proof of Lemma [Ol Then U^=i 9zj{Vj) is 
a compact subset of F{Gt). Let A :— U^=i 9zjiVj). Suppose jJMin(GT,C) = 00. Then there exists 
a sequence {i^njJ^Li of mutuaUy distinct elements of Min(Gr, C). By Lemma [5. 2[ for each (n, m) 
with 71 ^ TO, there exists no U S Con(i^(GT)) such that U n i4r„ 7^ and U n i^Tm ^ 0. Hence, 
there exists a sequence in N and a sequence {aj}°^;^ in C such that aj G Kn- for each j 

and such that d{aj,dJ{Gr)) — > as j — > 00. Hence, there exists a jo gN such that for each j G N 
with j > jo, Kn - r\ A ^ $. However, this is a contradiction. Thus, we have proved Lemma l5.5l □ 

Lemma 5.6. Under the assumptions of Theorem \3.15\ statement^ of Theorem \3.15\ holds. 

Proof. By Lemma St = {JieMiniG C) ^ compact. Moreover, Gr(S'r) C Sr. Let W := 
y^AeGon(F(G )) Ans #0 Then Gr[W) C W. Let zq £ C. From the definition of Sr, Gr{zo)r\ST ^ 
0. Combining this with that Jkci(Gr) = 0, we obtain that Gt-(zo) n ^ 0. Thus, we have shown 
that for each zq G C there exists an element g G Gr such that g(zo) G W. Combining this with 
Gt{W) C W and Lemma ITBl it follows that for each zq G C there exists a Borel measurable subset 
Vza of Xr with fiyzo) = 1 such that for each 7 G V^^, there exists an n G N with 7„,i(zo) G W. By 
Lemma [5T2I there exists a Borel measurable subset A of Xt with f(.A) = 1 such that for each 7 G »4 
and for each z G W^, (i(7„_i(z), 5*,-) — ?• as n — >■ cxd. For each zq G C, let Czq ■— Vzq n H^o 
Then t(C2o) — 1- Moreover, for each 7 G C^,,, <i(7n,i(zo), S'r) ^ as n — !> 00. Thus, we have proved 
our lemma. □ 

Lemma 5.7. Under the assumptions of Theorem \3.15\ LS(W/,r(C)) C Gi?((3^)(C). 

Proof. Let Lp G G(C) be such that <y5 ^ and Mrif) — a^p for some a G S'^. By Theorem l3.14[ there 
exists a sequence \nj\f^i in N and an element 7/1 G G(C) such that Mr' (ip) tp and a"^ — 1 as 
j — > 00. Thus ip = -JrjMr'iip) -ijj as j ^ 00. Therefore ip = ip. Let U G Con(F(Gi-)) and let 
x,y €U. By Lemma [5^ we have i'ix) — ^{y) — linij_i.oo(-M^^^ {'P){x) — Mr' {f ){y)) — 0. Therefore, 
(p = iIj (z Gi?((3^)(C). Thus, we have proved our lemma. □ 

Lemma 5.8. Under the assumptions of Theorem \3.15\ statement\^ holds. 

Proof. Let L G Min(GT-,C). Let ip G Uf^r{L) be such that Mr{(p) — a(p for some a G S^ and 
sup^g^ Ifiz)] = 1. Let :— {z E L \ \ip{z)\ ~ 1}. For each z G L, we have \ip{z)\ — \Mr{ip){z)\ < 
Mr{\ip\){z) < 1. Thus, Gr{fl) C n. Since L G Min(Gr,C), Gr(z) = L for each z e fl. Hence, we 
obtain SI = L. By using the argument of the proof of Lemma [5.71 it is easy to see the following 
claim. 

Claim 1: For each A G Con(_F(GT-)) with A n L 7^ 0, (p\AnL is constant. 

Let ^0 G Con(i^(G7.)) be an element with AqC] L ^ ^ and let Zq G n L be a point. We now 
show the following claim. 

Claim 2: The map h i— >■ ip{h{zo)), h G F^, is constant. 

To show this claim, by claim 1 and that IJ/jgp {h{zo)} is a compact subset of F{Gr), we 
obtain that <p(zo) = ■^Mr{(p){zo) is equal to a finite convex combination of elements of S^. Since 
\ip{zo)\ = 1, it follows that h n> (p{h{zo)), /i G Ft is constant. Thus, claim 2 holds. 

By claim 2 and Mr{ip) — aip, we immediately obtain the following claim. 
Claim 3: For each h G F^-, Lp{h{zo)) — aip{zo). 
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Since L € Min(G7-,C), Gr{za) = L. Hence there exists an Z G N and an element /? = 
(/3i, . . . , /?;) e such that /3; • • • /3i(zo) £ Aq. From claim 3, it follows that a' = 1. Thus, we 
have shown that Uv^r{L) C {a G S*^ | a' = 1}. Moreover, by claim 3 and the previous argument, 
we obtain that if ipi,(p2 G C!{L) with sup^^^ \(pi{z)\ = 1, ai,a2 £ S^, and Mr(}Pi) = aicpi, then 
\ipi\ = 1, Mr{ipiip2) = aia2'Pi'P2 and Mr{fi^) — a'^^^'Pi^. From these arguments, it follows that 
Uf^riL) is a finite subgroup of . Let ;= ^Uf^T-{L). Let e Uj^t{L) be an element such that 
{a']^Yj=i ^ ^f.r{L)- By claim 3 and Gt-(zo) = we obtain that any element (p 6 C(L) satisfying 
Mt-{(p) = a?]^if is uniquely determined by the constant ip\Aor\L- Thus, for each j — \, . . . tl, there 
exists a unique ■0Lj G ^f^ri^L) such that M^^Plj = cIl'^I^lj and V'L.ilAonL = 1- It is easy to see 
that {"iAijIj^i ^ basis of LS{h{f^r{L)). Moreover, by the previous argument, we obtain that 
V'ij — ("01,, i)"* for each j = 1, . . . , r^. Thus, we have proved our lemma. □ 

Lemma 5.9. Under the assumptions and notation of Theorem \3.15[ the map a : LS(W/^7-('S't)) 
®LeMin{G-r C)^^(^/^'^(-^)) defined by a{(p) = {f\L)i^^Min{G-r C) " linear isomorphism. 

Proof. By Lemma [5751 ttMin(GT, C) < oo. Moreover, elements of Min(Gr , C) are mutually disjoint. 
Furthermore, for each L e Min(GT-,C) and for each ip S C{Sr), (Afr(¥'))|L = -^^t(<^|l)- Thus, we 
easily see that the statement of our lemma holds. □ 

Lemma 5.10. Under the assumptions and notation of Theorem \3.15l 5's^(LS(Z-//.r(C))) C LS(W/.r (5*1-)) 
and "i!s^ '■ LS(W/_i-(C)) — > LS(i^/^T('5'r)) is injective. 

Proof. We first prove the following claim. 
Claim 1: ■ LS(^Y/,^(C)) C{Sr) is injective. 

To prove this claim, let ip G Z^/^r(C) and let a G 5'^ with Mr{'p) = aip and suppose ip\s^ = 0. 
Let {nj}jZi be a sequence in N such that a"^ 1 as j ^ oo. By Lemma |5.6[ it follows that 
ip — -^Mr^ {(p) as j — !■ OO. Thus (p = 0, However, this is a contradiction. Therefore, claim 1 
holds. 

The statement of our lemma easily follows from claim 1. Thus, we have proved our lemma. □ 

Lemma 5.11. Under the assumptions and notation of Theorem \ 3.15\ Bq.t is a closed suhspace 
of G(C) and there exists a direct sum decomposition G(C) — LS(^/^r(C)) © Ho,r- Moreover, 
dimc(LS(W/^r (C))) < oo and the projection tt : G(C) — s> LS(Z///^t-(C)) is continuous. Furthermore, 
setting r := nLeMin(G C) '''L' '^^ have that for each Lp G LS(W/.r(C)), M'^i^ip') — tp. 

Proof. By Theorem EH for each p G G(C), U^^{M?(^ is compact in G(C). By [18', p.352], 
it follows that there exists a direct sum decomposition G(C) = LS(ZY/,r(C)) © Bg.r- Moreover, 
combining Lemma [5.101 Lemma [5.81 and Lemma [531 we obtain that dimc(LS(W/.r (C))) < oo and 
for each p G LS(i^/^i-(C)), M'^{ip) — p. Hence there exists a direct sum decomposition G(C) — 
LS(W/^r(C)) ©Bo,r- Since Bo,r is closed in G(C) and dimc(LS(^/^r (C))) < oo, it follows that the 
projection tt : G(C) LS(Z///^7-(C)) is continuous. Thus, we have proved our lemma. □ 

Lemma 5.12. Under the assumptions and notation of Theorem \3.15\ statement\^ holds. 

Proof. It is easy to see that '^Sr ° -^^r — o on LS(W/,,-(C)). To prove our lemma, by 
Lemma lSTTUl it is enough to show that : LS(W/^r(C)) LS(W/^r(5r)) = ®LeMin(G^ c)^^(^f:riL)) 
is surjective. In order to show this, let L G Min(GT-,C) and let aL,rL, and {tpLjYj^i ^'^ iri 
Lemma [??51 (statement [51of Theorem l3. 15p . Let ipLj G G((C) be an element such that ipL.j\L — i^Lj 
and ipL,j\L' = for each L' G Min(G7-,C) with L' ^ L. Let r be the number in Lemma [5.111 and 
let TT : G(C) ^ LS(i^/,^(C)) be the projection. Then M™(ViLj) ^ 7r(?/;Lj) as n 00. Therefore, 
7r('/'Lj)|L = linin^oo M™{-ijjL,j\L) = Similarly, TT{tpL,j)\L' = for each L' G Min(Gr,C) with 
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L' ^ L. Therefore, ^ ■ LS(Z///,r (C)) — > LS{Uf^r{Sr)) is surjective. Thus, we have completed the 
proof of our lemma. □ 



Lemma 5.13. Under the assumptions of Theorem \3.15\ statement l 1 CH holds. 

Proof. Statement [TOl of Theorem 13. 151 follows from Lemma 15.121 [531 ^^nd Lemma l5.8l □ 

Lemma 5.14. Under the assumptions of Theorem \3.15\ statement\^ holds. 

Proof. Let {^Pj} and {ctj} be as in statement [5| of Theorem 13. 151 Let Lp G C(C). Then there exist a 
unique family {pj(</')}j^i in C such that ■n(tf) = Yl'j=i Pj{f)Vj- It is easy to see that pj : C(C) — J> C 
is a linear functional. Moreover, since tt : C(C) — LS(W/^r(C)) is continuous fLemma l5.1ip . each 
Pj : C(C) — !■ C is continuous. By Lemma 15.111 again, it is easy to see that Pi{^j) — Sij. In order to 
show M*{pj) ~ oijPj, let (f £ C(C) and let ( ip — TT{ip). Then Mr{ip) — J2j=i Pi(V')"^i¥'i+-^^T(C)- 
Hence pj{Mr{^)) ~ ajPj{ip). Therefore, M*{pj) = ajPj. In order to prove that {pj} is a basis 
of LS(W/^i-,*(C)), let p e Uf^r,*{^) and a G 5^ be such that M*{p) = ap. Let r be the number 
in Lemma [5.111 Let {ni}°^^ be a sequence in N such that a"'-' 1 as z — oo. Let ip G C(C) 
and let C = ^ - 7r(^). Then p(^) = -i-(A.f;)™. (p)(^) = ^p(El=i PjMv', + Mr'(C))^^ 
Pj(.¥')p{'Pj) as i -> oo. Therefore p G LS({pj}J^;^). Thus {pjj'^i is a basis of LS(W/^7-,* (C)). 
In order to prove supppj C St, let (p G C(C) be such that supp</3 C C\S'i-. Let ( — p~tt{p). Then 
(fi = J2j=i Pj{f)fj + C- Let r be the number in Lemma [5.111 Then M™{(p) Pj{'P)'Pj as 

n — > cx). Hence J2'j=i Pj{f)'Pj\s^ — limn-s-oo M^'^{ip\s^) — 0. By Lemma [5. 101 we obtain pj{(p) = 
for each j. Therefore supp pj C Sr for each j. Thus, we have completed the proof of our lemma. □ 

Lemma 5.15. Under the assumptions of Theorem \3.15[ statement l 1 1\ holds. 

Proof. By items (b), (c) of statement [2] of Theorem l3.151 fsee Lemma r5.14p . we obtain Uv^r.*{'C) = 
^u.t(C). By using the same method as that in the proof of Lemma I5.14[ we obtain Uy^r.tiSr) — 
Uv,t{St) and Uy^r,*{L) — Uv^r{L) for each L G Min(G'r, C). Thus, we have completed the proof of 
our lemma. □ 

Lemma 5.16. Under the assumptions of Theorem 1 j'. j51 statements \1S\ and \13\ of Theorem \3.15\ 
hold. 

Proof. Let L G Min(G'r , C) and let zq G Lr\F{Gr) be a point. Let be as in statement [8]of 

Theorem 13.151 We may assume V'l,i('Zo) = 1- For each j — 1,. . . ,ri, let Lj := {z G i | '>Pl,i{z) — 
aj^}. By claim 3 in the proof of Lemma l5.81 L is equal to the disjoint union of compact subsets Lj, 
and for each /i G F^. and for each j — 1, . . . , ri^, h{Lj) C ij+i where irt+i ^i- In particular, 
G^^ (Lj) C Lj for each j = 1, . . . , r/,. Since Gr{z) = L for each z G L, it follows that Gr^ (z) = Lj 
for each j ~ 1, . . . ,rL and for each z E Lj. Therefore, {Lj}'^^^ = Min(G^^, L). Thus, statement [T2l 
of Theorem l3.15l holds. Letj G {1. . . . . rr,}. Let us consider the argument in the proof of Lemma l5.81 
replacing L by Lj and Gt by G!^^. Then the number in the proof of Lemma [5.81 is equal to 1 
in this case. For, if there exists a non-zero element ip G C{Lj) and a 6 = ^ 1 with s G N such 
that M^^{ip) — bijj, then extending ip to the element ip G C{L) by setting tplLi = for each i with 

i ^ j, and setting i/; := J2Y=i^^"^)~'' -^rW & C!{L), we obtain =^ and Mr{'ip) = e"^^p, which 
is a contradiction. Therefore, by using the argument in the proof of Lemmas 15 . 81 and [5.111 it follows 
that for each if G C{Lj), there exists a number iULjif) & C such that MJ^^^{(p) — > LULjiip) • Ilj as 
n oo. It is easy to see that ujlj is a positive linear functional. Therefore, ujlj G ^liLj). Thus, 
ujlj is the unique (M*)''^ -invariant element of 9Jti(Lj). Since Lj G Min(G!;^,i), it is easy to see 
that suppwLj = Lj. Since M;{ujL,j) £ 9Jli(ij+i) and {M*y^ (M^^ul,/)) = M*{ujl,]), it follows 
that M*{ujlj) — WL.j+i for each j = 1, . . . , r^, where uj^^rL+i •= For each i = 1, . . . , r^, let 

PL,i ■= ;7 Z^jti "Z'^'^i J ^ G(i)* and i/^l.^ := Z^jiiOilij ^ Then it is easy to see that 
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M*{pL,i) = a\pL^i, Mri-tpL.t) = aL'4'L,i, and = By Lemma[512l there exists a unique 

element ipL,i S LS(^Y/,t(C)) such that 'fL,i\L — '^L,i and 'fL,i\L' = for each L' g Min(G7-, C) with 
L' ^ L. It is easy to see that {ipL,i}L,i and {pL,i}L,i are the desired famihes. Thus, we have 
completed the proof of our lemma. □ 

Lemma 5.17. Under the assumptions of Theorem \3.15\ statement \14\ holds. 

Proof. Statement [H] follows from Lemma 15.141 □ 

Lemma 5.18. Under the assumptions and notation of Theorem \3.15[ .statement ] 1 5\ holds. 

Proof. By Lemma l?^ we have J2LeMin{G-r C) ^i.i-(^) = 1 fo^' ^ach z e C. For each L G Min(Gr, C), 
let Wl := UAeCo„(F(G.)),AnL#0^- ThenGC^i) C Wl and W = Ul^^l- % Lemma O and 
Lemma [5.121 we obtain that Wl n Wl' = whenever L,L' G Min(Gr,C) and L ^ L'. For each 
L G Min(GT-,C), let (p/^ G G(C) be such that ^lIvVl = 1 and y'LlUi.'^i W/'i' ^ ^' From Lemma[5 
and Lemma it follows that 



Tl,Az)^ lim ^i(7„,i(z)) df(7) = lim / ipLhn.i{z)) df{-f) = lim M^{ipL)iz) (4) 

for each z G C. Combining (|4]) and Theorem I3.14[ we obtain that T^.r G C(C) for each L G 
Min(Gr,C). Moreover, from (g]) again, we obtain Mr{TL,r) = Tl,^. 

Thus, we have proved our lemma. □ 

Lemma 5.19. Under the assumptions of Theorem \3.15\ statement ] 16] holds. 

Proof We now suppose ttMin(Gr,C) > 2. Let L G Min(Gr,C). Since Tl,t ■ C [0,1] is con- 
tinuous, and since Tl^tIl = 1 and Tl.tIl' = for each L' ^ L, it follows that 7l^t-(C) = [0, 1]. 
Since Tl,t is continuous on C and since Tl,t G Gi?(G^)(C), we obtain that Tl,t{J{Gt)) — [0, 1]. In 
particular, dimc(LS(i^/^i-(C))) > 1. Thus, we have proved our lemma. □ 

Lemma 5.20. Under the assumptions of Theorem \3.15[ statement \ll\ holds. 

Proof. Let L G Min(G^, C). Since J kcr(G^) = 0, L n F(G^) 7^ 0. Let a G L n F{Gr). Since 
Gr{a) = L, we obtain L = Lf) F{Gr). Hence, in order to prove our lemma, it suffices to prove the 
following claim. 

Claim: L n F{Gr) C {z G L n F{Gr) 1 3^ G Gr s.t. g{z) = z, \m[g, z)\ < 1}. 

In order to prove the above claim, let b G LriF{Gr). Let f7 G Con(i^(Gr)) with b e U. We take 
the hyperbolic metric on each element of Con(i^(GT-)). For each eo > and for each c G F{Gr), let 
Bft(c, Co) be the disc with center c and radius cq in F{Gr) with respect to the hyperbolic distance. 
Let e > 0. By Lemma lOl there exists an element gi G Gr such that gi{Bh[b,e)) C Bh{gi{b), |). 
Since Gr(gi(fo)) — L, there exists an element 32 £ Gt such that g2{Bh{gi{b), |)) C Bh{b,e). Thus 
g2gi{Bh{b,€)) C Bh{b,e). Let 5 = 32.91. Then zq := lim„_>oo G Bh{b,e) fl L is an attracting 

fixed point of g. Therefore, we have proved the above claim. Thus, we have proved our lemma. □ 

Lemma 5.21. Under the assumptions of Theorem \3.15\ statement \18[ holds. 

Proof. We will modify the proof of Lemma 15.201 If F,- n Rat+ ^ 0, then by Lemma 15. 3[ we 
may assume that the element gi in the proof of Lemma [5.201 belongs to Rat+. Therefore, Sr = 
{z G F{G) n 5*1- I 3(7 G Gt n Rat+ s.t. g{z) = z, \m{g, z)| < 1}. Since any attracting fixed point of 
g G Gr n Rat+ belongs to UH{Gt), our lemma holds. □ 

Lemma 5.22. Under the assumptions of Theorem \3.15l statement ] 1 9[ holds. 
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Proof. Suppose dinic(LS(^//,^(C))) > 1 and let Lp € LS(W/,^(C))„c- Let A := (p{C) \ (p{F{Gr)). 
Since ip £ Cf{g^){^) and since jlCon(i^(GT-)) < ^o, we have > Hp. Moreover, since (p is 
continuous on C, it is easy to see that for each i e A, ^ ip~^{{t}) C Jres{Gr)- Thus we have 
proved our lemma. □ 

Lemma 5.23. Under the assumptions of Theorem \3.15\ statement \2(A holds. 

Proof Suppose dimc(LS(W/,^(C))) > 1 and int(J(G^)) = 0. Let ip e LS(i^/>(C))„c- Then tj(^(C) > 
Hq. Since int(J(G'r)) = and ip is continuous on C, we have (p{C) = (p{F{Gr)). Therefore, 
ttCon(_F(G'r)) = oo. Thus, we have proved our lemma. □ 

We now prove Theorem 13. 151 

Proof of Theorem I3.15t Combining Lemma I5.1l -Lemma 15.231 we easily see that all of the 
statements 1-20 of Theorem 13.151 hold. Statement [5T] follows from statements [T7] and [121 CH 



5.2 Proofs of results in subsection 13.21 

In this subsection, we give the proofs of the results in subsection 13.21 



Lemma 5.24. Let t G 9Jli(7') and suppose that oo £ F{Gr). Let (/> G C(C) be such that ip is 
equal to constant function 1 around oo and such that supp0 C Foo{Gt). Then, for each 7 G Xr, 
7„^i — > 00 as n — > cxD locally uniformly on i^oo(Gr) and for each y G C, 

TocAv) = ^({7 e I (pil'iiAv)) ^ 00 (n 00)}) 

= f ({7 e Xr I 3n G N 4>{in.i{y)) = 1}) = lim M;(0)(y). 

n— fcjo 

Ln particular, Mr{Tao,T) = 7oo,r- 

Proof. First, we show the following claim. 

Claim. For each 7 G Xt, 7n,i — 00 as n — 00 locally uniformly on Foo{Gr). 

To prove the claim, let 7 G Xr. Then {7n.i}^i is normal in Fao{Gr). Let {njjjgpi be a sequence 
in N such that ^nj,i converges to some a as j — > 00 locally uniformly on Fao{Gr). Since the local 
degree of 7rij,i at 00 tends to 00, a should be the constant 00. Thus, the above claim holds. 

Let 7 G Xr and let y € C. By the above claim, the following (1),(2) and (3) are equivalent: 
(1) 1n,i{y) 00 as n -> 00. (2) 0(7„^i(y)) -> 1 as n 00. (3) There exists an n G N such that 
'/>(7n,i(j/)) = 1- 

Moreover, by the claim, for a point y G C, either (/)(7„,i(y)) — 1 or (j){jn,i{y)) 0. Hence 



From these arguments, the statement of the lemma follows. □ 

Lemma 5.25. Let t G 9Jti(P) and suppose that 00 G F(Gr). Let y G Fp^ij) he a point. Then, 
Too,T is continuous at y. 

Proof. Let G C(C) be as in Lemma 15.241 By Lemma I5.24[ we have that for each y G C, 
Too^riy) = linin-i-oo M^{(j)){y). From Lemma [4.2| |^ it follows that Tao.r is continuous at y. Thus, 
we have completed the proof of our lemma. □ 

Lemma 5.26. Let t G Mi{r). Suppose that 00 G F{Gr) and F„eas(r) = Wli(C). Then, Too,r ■ 
C — !> [0, 1] is continuous on C. 



Too,r(y) = t({7 G Xr I <^(7n,l(y)) ^ U) = / 1™ 0(7n.l(2/)) ^^(7) 

= hm / 0(7„,i(2/)) df{i) = lim M;(^)(y). 
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Proof. The statement of our lemma easily follows from Lemma 15.251 □ 

We now prove Theorem 13.221 
Proof of Theorem I3.22t Since suppr is compact, oo G F{Gt)- Combining Theorem 13.141 and 
Lemma [5.261 the statement of Theorem 13.221 follows . □ 

Lemma 5.27. Letr e 9Jli('P). Suppose oo G F{Gr)- Then, for each U G Con(F(GT-)), there exists 
a constant Cu G [0, 1] such that Too. r 1(7 = Cij. 



Proof. Let U G Con(F(G,-)) and let y eU. Moreover, let 7 G Xr- By Lemma [5. 241 and Lemma[ 
if ln,i{y) — >■ 00 as n — >■ 00, then for each y' G U , 7n,i(y') cxd as n 00. Thus, there exists a 
constant Cu S [0, 1] such that Tao,T\u = Cu- □ 

We now prove Lemma [3. 241 
Proof of Lemma I3.24t Since suppr is compact, it follows that 00 G F{Cr), and the statement 
of Lemma 13.241 follows from Lemma 15.271 □ 

Lemma 5.28. Let G be a polynomial semigroup generated by a family of V. Then, K{G) is a 
compact subset of C, g{K{G)) C K{G) for each g € C, dk{C) C J{C), and F{G) n k{C) = 
int{k{C)). 

Proof. Let G G be an element. Then K{G) = C\gfzG 9^^{^{^))- Thus, K{G) is a compact 
subset of C and for each g G G, g{k{G)) C k{C). Hence, we obtain that dk{C) n F{G) = 0. 
Therefore, dk{C) C J(G) and F{G)nk{G) C int(i^(G)). Moreover, it is easy to see int(i^(G)) C 
F{G) n k{G). Thus we have completed the proof of our lemma. □ 

We now prove Proposition 13.261 
Proof of Proposition I3.26t It is easy to see that Mt{Too,t) — Too,t, 7oo,r Ifoo(g^) = 1 and 
Too.t\x(g ) ^ ^' (/? : C — > K be a bounded Borel measurable function such that if — Mr{(p), 
<f\F^{G-r) = 1 and f\x{G^) = 0- ea.ch L G Min(Gr,C) with L ^ {00}, L C k{Gr). Hence, by 
Theorem 13.151 171 and Lemma [5.28[ we obtain that tf{z) ~ Wmn^oo M'!^ {if){z) = Too.t{z) for each 
z G C. Thus, we have proved Proposition 13. 261 □ 

We now prove Lemma [2301 
Proof of Lemma I3.30t 

It is easy to see that (1) (2). 

We now show (2) ^ (3). Suppose Too,r\j{G^) = 1 and k{Gr) ^ 0. Let y G dk{Gr) C J(Gr). 
Since we are assuming Too,t\j(g^) = 1, there exists a 7 G Xr such that 7n.i(y) 00. However, 
this contradicts y G k{GT). Thus, we have proved (2) =4^ (3). 

We now prove (3) (1). Since suppr is compact, 00 G F{Gt). Let V :— Foo(Gt). By 
Lemma 1221 for each g G Gr, g{V) C V. Moreover, we have rigeG^ 9^^i^ \ ^) = k{Gr). Hence, 
from Lemma [4.61 and Lemma [5.24[ it follows that if k{Gr) = 0, then for each ?/ G C, for f-a.e. 
7 G Xr, 7ri i(y) — > cx) as n 00. Hence, for each y G C, Too riy) = 1. Therefore, we have proved 
(3) (1). ■ 

Thus, we have proved Lemma 13.301 □ 

We now prove Theorem 13.311 
Proof of Theorem I3.31t We first prove statement [H Let y G dkiCr) be a point. By 
Lemma [5.281 y G J{Gt). Since Jkcr(Gr) — 0, there exists an element g G Gt such that g{z) G 
F{Gr). By Lemma IE2H1 again, we obtain g{z) G iiit{k{Gr)). Therefore, int(i^(GT-)) 7^ 0. 

We next show statement O By Theorem I3.22[ Too.r : C — s- [0,1] is continuous. Furthermore, 
since suppr is compact, 00 G F{Gr). Since Too,tIx(g ) = ^ ^^"^ ^oo,r li^oo(Gx) = 1; follows that 
Too,t(C) — [0,1]. Let t G [0,1] be any number. From the above argument, there exists a point 
zo G C such that Too,t(2;o) = t. Suppose zq G F{Gt). Then denoting by U the connected component 
of F{Gt) containing zq, Theorem 13 . 22! and Lemma [3.24! imply that Too,t\-u = ^- Since dU C J{Gr), 
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it follows that there exists a point zi G J{Gt) such that Tryo,T{zi) = t. This argument shows that 
Toc>,t{J{Gt)) = [0, 1]. Therefore, we have proved statement [21 

We next show statement [3l Suppose that the statement is false. Then, there exist ti and ^2 in 
[0, 1] with ti < t2 such that denoting by A the unbounded component of C \ {T^\{{t2}) H J{Gr)), 

T-],i{h})nA^t 

Let wq e T^\{{ti}) n A be a point. Let C : [0, 1] -> A be a curve such that C(0) = cxd G 
r~^^({l}) and C(l) = Wq e T^]^{ti). Since h < t2 < 1, there exists an s G [0,1) such that 
C(s) e T^\{t2). Then, we have C(s) € An F(G^). Let U be the connected component of F{Gr) 
containing C{s). By Theorem l3.22l and Lemma [3. 24) we have ToctIu = h- Since ({1) G T^^^{{ti}), 
C(s) £ U and Tqo.tIc/ = ^2, we obtain that there exists an s' G (s, 1) such that C(s') S 9f7 C J{Gr)r\ 
T^]^{{t2}). However, this is a contradiction since C(s') £ A and A n {J{Gr) n r~^^({i2})) = 0- 
Therefore, statement |3] holds. 

We now prove statementH) Let t G (0, 1). Since K{Gr) C T^^{{Q}), statement [3] implies that 
k{Gr) <s T-\{{t}) n J{Gr). By LemmaESland Theorem |X211 i^oo(Gr) C r-i^({l}). Hence, 
^!X)^t({0) ri J(Gr) <s i^oo(Gr). Therefore, we have proved statement IH 

We now prove statement [5] Let A := [0, 1] \ Trx,,T{F{Gr))- Since Too,t G C'f(Gx)('^)' '^'^ have 
tJ([0,l] \A) < Ko- Let t G A. Since T^,r{J{Gr)) = [0,1] and Too,r G Gf(g^){C), it follows that 
^ T'oo?^r({^}) 1^ J{Gt) C JresiGr)- Therefore, we have proved statement [S] 

Thus, we have completed the proof of Theorem 13.311 □ 

We now prove Theorem 13.341 
Proof of Theorem [Oil Let t G 2^1 ("P) be an element such that Tr = F. By Theorem [3?22l 
Too,T '■ C — > [0,1] is continuous. By Theorem l3.3H [2l Too,t(C) — [0,1]. Suppose that each of 
statements (a) and (b) of the theorem does not hold. Since statement (b) does not hold, there 
exists a finite set G = {ci, . . . , c„} of [0, 1] such that Too,t{F{G)) C G. Since int( J(G)) = and 
7oo,r : C — >■ [0, 1] is continuous, it follows that Too,t{^) C G. However, this is a contradiction. 
Therefore, at least one of the statements (a) and (b) holds. Thus, we have completed the proof of 
Theorem [3J4l □ 

5.3 Proofs of results in subsection 13.31 

In this subsection, we give the proofs of results in subsection 13.31 
In order to prove Theorem 13. 38[ we need several lemmas. 



Lemma 5.29. Let T G Cpt(7') and let f -.T^xC^ 
Let 7 G be an element such that ttCon( J^) < oo. 
is connected. 



X C be the skew product associated with F. 
Then, there exists an n £ N such that Jcr"(-y) 



Proof. Let B G Con(J^). Since ttCon(J^) < oo, B is an open subset of J^. By the self-similarity of 
(see 5 ), there exists an n G N such that /^^„(i?) ~ J„n(^y It follows that for this n, Jc^t^-y) is 
connected. Thus, we have completed the proof of our lemma. □ 

Lemma 5.30. Let F G Cpt(7-') and Zet / : F^ x C — > F'*^ x C be the skew product associated with 
F. Let 7 G F'*^ be an element such that ttCon(J-y) > Nq. Then, jJCon( J-,) > Hq. 

Proof. We first show the following claim. 

Claim 1: Let B G Con(X),). Then there exists an sequence in Con(J^) \ {i?} such that 

minaes.fcGSj d{a, b) ^ &s j ^ oo. 

To prove claim 1, suppose that there exists no such sequence {Bj}j^^. Then, B is an open subset 
of J^. By the self-similarity of (see [5]), there exists an n G N such that f^^n{B) = Jo-" (7) and 
Ja^l-y) is connected. Since fj)i{Ja"{j)) — Jj, [D Lemma 5.7.2] implies that \jtCon{J^) < deg(/^^„) < 
00. However, this contradicts the assumption of our lemma. Therefore, we have proved claim 1. 

Let Z be the space obtained by making each element of Con( J^) into one point, endowed with 
the quotient topology. Then, by the cut wire theorem (see |22j). Z is a compact normal Hausdorff 
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space. Suppose that tlCon(Jy) = Hq. Then there exists a sequence {Cj}j^^ of mutually distmct 
elements of Con(J^) such that Con(J^) = U^iiQ/}- Let tt : J.y Z he the canonical projection 
and let Zj := 7r(Cj) for each j G N. Then Z = Ujlil^jl- We now prove the following claim. 
Claim 2: For each j e N, Z \ {Zj} is dense in Z. 

To prove claim 2, let j G N. By claim 1, there exists a sequence {fcrt}nGN in N \ {j} such that 
minagCj,bGCfc„ &) — > as n — > oo. Let 1/ be an open set in Z with Zj £ V. Then tt~^{V) is an 
open set in with Cj C n^^{V). Therefore there exists an n G N with n~^{V) fl Ck„ ^ 0- Let 
X G 7r~^(t/) n Cfc„. Then Z^,^ = Tr{x) e V. Therefore, \ {Zj} is dense in Z. Thus, we have proved 
claim 2. 

Since = Z \ IJ^ii'^j} — H^ii^ \ {^j})^ claim 2 and the Baire category theorem imply a 
contradiction. Therefore, jiCon(J^) > Kq. Thus, we have completed the proof of our lemma. □ 

We now prove Theorem 13.381 
Proof of Theorem I3.38t Since P*{G) is not bounded in C, there exists an element g E G and a 
critical value coi g such that c e Foo{G). Then g^{c) (x as I oo. We write g as g — ft,„o - • - o/ii, 
where hj € T for each j — 1, . . . ,n. For each j = 1, . . . , n, let Bj be the small neighborhood of hj 
in V such that for each a — {ai, . . . , a„) € Bi x ■ ■ ■ x Bn, there exists a critical value Cq € J^oo(G) 
of a„ o • • ■ o ai. We set := {7 e F^ | 3{jfc}^i ^ 00, Vfc,7j, e Si, . . . ,7jfe+n-i e B„}. Then, 
W is a residual subset of F'* and for each t e with F,- ~ F, f(W) = 1. We now prove the 

following claim. 

Claim: For each -f t|Con(J..y) > Kg. 

To prove the claim, by Lemma [5.301 it is enough to show that for each 7 G W, ttCon(J^) > Nq. 
Suppose that there exists an element 7 G W such that ttCon(J-y) < 00. Then, Lemma [5.291 implies 
that there exists an s G N such that Ja^{-y) is connected. Since j d lA, there exists an m G N 
such that 7s+m,s+i has a critical point in ^00,0-= (7)- For this m G N, J„B+m(^^'j = js+m.s+iiJa^ij)) is 
connected. Hence, Aoo ct=(7) and Aoo,cts+"'(7) are simply connected. Applying the Riemann-Hurwitz 
formula to 7s+m,s+i : ^oo.<t=(7) ~^ ^00,(7=+™ (7)1 we obtain a contradiction. Therefore, the above 
claim holds. 

By the above claim, the statement of Theorem 13.381 holds. □ 



We now prove Theorem 13.411 
Proof of Theorem I3.41t By Lemma 13.301 Too.t = 1- Moreover, since suppr is compact, 
00 G F{Gr)- Hence for each z G C, there exists an element g £ Gr such that g{z) G Fao{Gr) C 
F{Gr). Therefore, Jkcr(Gr) = 0. By Theorem[331 we obtain that Fmeasir) = S!Jli(C). Moreover, 
since Too.t = 1, we obtain that (M*)"(i/) — )> Joo as n — 00 uniformly on G 9Jli(C). Let 
K := Upex^({/'} ^ ^p) X C). Since To^r = 1, it follows that for each y G C, f({7 G Xr \ 

(7, y) G K}) = 0. Hence, by Fubini's theorem, we obtain that there exists a subset V of with 
f(V) = 1 such that for each 7 G V, Leb2(X.^) = 0. Since dK^ = for each 7 G Xr, we get that 
for each 7 G V, = J^. Moreover, since T^^.t = 1, we have that P*{Gr) is not bounded in C. By 
Theorem 13.381 we obtain that for f-a.e. 7 G X^, J7 has uncountably many connected components. 
Thus, we have completed the proof of Theorem l3.411 □ 

5.4 Proofs of results in subsection 13.41 

In this subsection, we give the proofs of the results in subsection 13.41 
In order to prove Theorem 13.481 we need some lemmas. 

Definition 5.31. Let X and Y be two topological space and \et g : X ^ Y he a map. For each 
subset Z of Y , we denote by c(Z, g) the set of all connected components of g^^{Z). 

Lemma 5.32. Let r G 0Ki_c(7')- Suppose that for each 7 G Xr, Jkcr(Gr) C J7, and that Jkcr(G7-)n 
UH{Gr) = 0. Then, for r-a.e. 7 G Xr, Leh2{Jy) = Leb2(J7,rJ = 0. 
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Proof. Let / : Xr x C — > x C be the skew product associated with F^. By Proposition 14.81 
we may assume that Jkor(Gr) 7^ 0- Combining Lemma [2.61 Lemma [4.61 Lemma [4.51 and Fubini's 
theorem, we obtain that there exists a measurable subset U of X^- with f{U) = 1 such that for 
each 7 G for Leb2-a.e. y G J-y,T^, hminf„_j.oo rf(/7,n(2/), >/kor(Gr)) = 0. In order to prove our 
lemma, it is enough to show that for each 7 G Leb2( J^^r^) = 0. For this purpose, suppose that 
there exists an element p €lA and a point yo G Jp,v^ such that yo is a Lcbesgue density point of 
JpXt- We will deduce a contradiction. We may assume that liminf„_j.oo d{fp,n{yo), Jkm-iGr)) = 0. 
We show the following claim: 
Claim 1: yo G Jp. 

To show claim 1, suppose that yo £ Fp. Then there exists a strictly increasing sequence {nj}j<£N 
in N and a (5 > such that /p,rij \B(yQ,26) tends to a holomorphic function : B{yo, 2S) C as j ^ 
00 locally uniformly on B{yo, 25). We may assume that there exists a point (a, a) G Xr x Jkor(Gr) 
such that 2/0) (a, a) as j 00. Since Jkcr(Gr) n UH{Gr) = 0, [221 Lemma 1.10] implies 

that (j) : B{yQ,2d) C is non-constant. Hence (f){B{yo,6)) is a bounded open neighborhood of a. 
Let D be a neighborhood of 00 such that Dr\<j){B{yo, 6)) — and h{D) C D for each h G Gr. Since 
a G Jkcr(Gr) C Jq, there exists a point G B{yo,S) and a g G N such that Q!g,i(0(fe)) G D. Then 
there exists a neighborhood V of (ai, . . . ,aq) in F^ and a neighborhood £7 of such that for 
each P = {Pi, . . . , I3q) e V , I3q ■ ■ ■ I3i{n) C D. Let fc G N be a large number. Then, fp^n^{b) G fl and 
(/9„^+i,p„^+2,...,/0„fc+g) G V. This implies that 0(fe) = lim^^^oo /p^n^ (&) G D C C \ 0(-B(2/o, (5)), 
which is a contradiction. Therefore, ?/o G Jp- Thus, we have shown Claim 1. 

Let {rijljgN be a strictly increasing sequence in N such that /"^ (p, yo) tends to some (77, 7/00) G 
X Jkcr(Gr). Let gj := /p,„^ for each j G N. Since Jkcr(Gr) n UH[Gr) = 0, there exists an 
< r and an TV G N such that for each z G Jkcr(G7-), each g G Gr, and each F G c(D(z, 3r), 5), 
deg((ji : y — 7^ D{z, 3r)) < A^. We may assume that for each j G N, gj{yo) & D{Jkci:{Gr), r). For each 
j G N, let Uj (resp. U'j) be the element oi c{D{gj{yo),r), gj) (resp. c{D{gj{yo),2r), gj)) containing 
?/o- Then, Uj and C/j are simply connected. Moreover, since yo S Jp, [ISl Corollary 1.9] implies 
that diam Uj — > as j — 00. Since yo is a Lebesgue density point of Jp,r^, HH Corollary 1.9] 

again implies that lim,_j.oo ^^^j'^-^p-r^) _ ^ Hence, 
^ ■' Leh2(u.j) ' 

j^oo Leb2(J7,-) 

For each j G N, let cf>j : £'(0, 1) ^ U'j be a conformal map such that <j>j{0) = yo. By (O and the 
Koebe distortion theorem, we obtain 

^^^Leb2(^-^(^n^p,.J)^^_ 
j^oo Leb2(0-i([/j)) 

By [221 Corollary 1.8], there exists a constant < ci < 1 such that for each j G N, 4>~^{Uj) C 
D(0,Ci). Combining it with Cauchy's formula, we obtain that there exists a constant C2 > such 
that for each j G N, 

|fe°0,)'(^)|<C2On0Ti(;7^.). (7) 

By ^ and d?!), we obtain 

Leb2(J(g,-(yo),r)nf,^,(p),rJ ^ Leb2((g,-./>,-)(07^(L/, n Fp,rJ)) 
Leb2(i?(5,(yo),r)) LebspCg, (yo), r)) 

XA7i([/,nF„rJ Kft ° <^j)'WI' '^Leb2(z) Leb2(0-i(C/,)) 



< 



Leb2(0-i(t/,)) Leb2p(5,(yo),r)) 
0, as j 00. 
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Leb2(£'(g3(j(o),i-)n j "j. ,p ) , , - 

Hence, r pK (nin f, r^-ii" ' " ^ 1 as j -> oo. Thus, D{yoo,r) C Jn,r^- In particular, 

J 1J.71 \^ \yoo. ' 

C J{Gr) for each n e N. Hence, j/oo G -Fjj- However, since j/oo G JkaiGr) C J,,, this is a contradic- 
tion. Thus, we have completed the proof of our lemma. □ 

Lemma 5.33. Under the assumptions of Theorem \3.48\ we have that for each 7 G X^, Jkcr(Gr) C 

Proof. Under the assumptions of Theorem I3.48[ suppose that there exists a 7 € Xt such that 
J\lci:{Gt)^F^ 7^ 0- Let J/0 G Aoi'IGt) nF-y be a point. Let / : x C — > X,- x C be the skew product 
associated with F,-. Then there exists a strictly increasing sequence {'^jljeN in an open connected 
neighborhood U of j/g, and a holomorphic map : ?7 — >■ C such that /^.n, ^ as j ^ 00 uniformly 
on U. Let {p^ ,yj) — /"^ (7, y)- We may assume that there exists a point (/0°°, j/oo) S x Jkcr(GT-) 
such that {p^,yj) {p°°,yoo) as j cx). If is constant, then [29l Lemma 1.10] implies that 
Voo G UH{Gr)- However, this is a contradiction, since Jkcr(Gr) n UH{Gr) — 0- Hence, we obtain 
that <f is not constant. We set 

1/ := {y G C I 3e > 0, lim sup sup d{fp.,^^.^^ (0, = 0}. 

i-J-oo d{^,y)<e 

Then, V is an open subset of C. By Lemma [5.241 V n Foo{Gt) — 0- Moreover, yoo G For, 
since (p is non-constant, there exists a number a > and an s e N such that for each j G N 
with j > s, f^^nj{U) D B{yoo,a). If y G B{yoo,a) then y = f^^nMi) for some € U and so 
d{fp',nj-ni{y),y) = dUi,ni{£.i),f't,nMi)) which is Small if i is large. Hence yoo G V^- 

Furthermore, by [29l Lemma 2.13], 9^ C J{Gr) n UH{Gr)- These arguments imply that yoo 
belongs to a bounded connected component of C\{J{Gr)r\UH{Gr))- However, this contradicts the 
assumption of our lemma. Therefore, for each 7 G X-r, JkerlG,-) C J^. Thus, we have completed 
the proof of our lemma. □ 

We now prove Theorem 13.481 
Proof of Theorem I3.48t Combining Lemma I5.33[ Lemma I5.32[ Lemma 14. 5[ Lemma 14.91 and 
Lemma I5.25[ we obtain all statements of Theorem 13.481 Thus, we have completed the proof of 
Theorem □ 



5.5 Proofs of results in subsection 13.51 

In this subsection, we give the proofs of the results in subsection 13.51 Moreover, we show several 
related results. 

Lemma 5.34. Let T be a non-empty subset of Hat and let G =^ (F). Suppose that F{G) ^ 0, 
and that for each z G J{G), there exists a holomorphic family {^aIagA of rational maps such that 
{g\ I A G A} C F and the map A ^ g\{z) is nonconstant on A. Then, Jy_ciiG) — 0. 

Proof. Suppose that Jkor(G) ^ 0. Let zq G Jkcr(G) be a point. Then there exists a holomorphic 
family {g\}\^\ of rational maps such that the map Q : X t-^ g\{zo) is nonconstant on A and 
{g\{zo) I A G A} C F. Hence, Jkcr(G) contains a non-empty open subset 9(A) of C. However, 
this contradicts Remark 12.81 Therefore, Jkcr(G) = 0. Thus, we have completed the proof of our 
lemma. □ 

We now prove Lcmma l3.52l 
Proof of Lemma l3.52t The statement of our lemma immediately follows from Lemma [5.341 □ 

We now prove Lcmma l3.56l 
Proof of Lemma I3.56t Since F is relative compact, 00 G F{G). From Lemma [5.34[ it follows 
that Jker(G) = 0. Thus, we have completed the proof of our lemma. □ 
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Lemma 5.35. Let y be a closed subset of an open subset oJV. Suppose that y is strongly admis- 
sible. Let r G Cpt(3^) and let V be a neighborhood of T in Cpt(3^). Then, there exists a V € V 
such that Jkor((r')) = 0. 

Proof Take a small e > such that the element T' := {h e y \ K{h,r) < e} £ Cpt{y) belongs to 
V, where k denotes the relative distance in V from Rat. By Lemma [5.341 Jkci((r')) = 0. Hence, 
we have completed the proof of our lemma. □ 

Lemma 5.36. Let y be a subset o/ Rat endowed with the relative distance from Rat. Let T £ 
Cpt{y) be an element such that Jkcr((r)) = 0- Let V be a neighborhood of T in Cpt(3^). Then, 
there exists an element V £ V such that V C F, (tF' < oo, and Jkcr((F')) = 0. 

Proof. Since Jkor((F}) — 0, there exist finitely many elements gi, ■ . ■ ,gr G (F) and finitely many 
open subsets Ui, . . . ,Ur of C such that J((r)) C Uj=i Uj and Uj=i ffi(^i) ^ ^ii^))- partic- 
ular, fXi=i9j^iJ{{^))) ^ ^- each j — 1. . . . ,r, we write gj as gj = hj i o • • ■ o hj t., where 
hj k G F for each k — l,...,tj. Take an element T' G V such that F' C F, (JF' < oo and 

r''3 u;=i{/^.,i,---,'^.,*j- Then, Jkcr((F')) = n„e(r'> /^-'(^((r'))) c nUdi'iJiim = 0. 

Thus, we have completed the proof of our lemma. □ 

Lemma 5.37. Let y be a closed subset of an open subset of V . Suppose that y is strongly admis- 
sible. Let F G Cpt(3^) and let V be a neighborhood ofT in Cpt(y). Then, there exists an element 
F' G F such that jJF' < oo and Jkcr((F')) = 0. 

Proof. Combining Lemma 15.35 1 and Lemma l5.3"Sl the statement of our lemma holds. □ 

We now prove Proposition 13.571 
Proof of Proposition [37571 Let po G 9Jli(3^) be an element such that )JFp„ < oo, po G Vi, and 
Fpo G V2. We write po as po = Z]j=i?'j^^' where pj > for each j, J2'j=iPj = and hi,. . .,hr 
are mutually distinct elements of y. Let C/i be a small compact neighborhood of hi in y such 
that the compact set Ai := Ui U {ft.2, . . . , /ir} belongs to V2. By Lemma [5.34[ Jkcr((Ai)) = 0. 
Hence, Lemma 15.361 implies that there exists a finitely many elements gi,...,gs oiUi such that 
setting A2 := {gi, • . • , gs} U {/12, ■ ■ ■ , K}, we have A2 G V2 and Jkor((A2)) = 0. Let qi,...,qs be 
positive numbers such that 1j — Pi- Let p :— J2j=i Qj^gj + J2]=2Pj^h.j- Then Fp G V2 and 

Jkci{Gp) = 0. Moreover, if we take Ui so small, then p G Vi- Thus, we have completed the proof 
of Proposition [57571 □ 



5.6 Proofs of results in subsection [3.6[ 

In this subsection, we give the proofs of the results in subsection 13.61 

In order to prove Proposition 13.631 we need some notations and lemmas. 

Definition 5.38. Let y be a compact metric space and let U be an open subset of Y. Let F be a 
subset of CM(F) and let G = (F). Let if be a non-empty compact subset of U. 

1. We say that if is a weak attractor for {G,T,U) if for each 7 G F^ and each y £ U, 
d{ln,iiy), K) as n — i> 00. 

2. We say that K is an attractor for (G, F, U) if if is a weak attractor for (G, F, U) and g{K) C K 
for each 5 G F. 

Lemma 5.39. Let F G Cpt(Rat) with ttJ((F)) > 3. Let G = (F). Suppose that there exists an 
attractor K for {G,T,F{G)). Then, for each L G Cpt(F(G)), 

sup{d(7„ • • -71(2), if) I z G L, (71,. . . ,7„) G F"} ^ as n ^ 00 (8) 
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and there exists a constant C > and an < rj < 1 such that 

sup{||(7n • • •7i)'(^)IU I z e L, (71, . . . ,7„) e r"} < C??" for each n G N, (9) 
where \\ ■ \\s denotes the norm of the derivative with respect to the spherical metric of C 

Proof. Let Vi, . . . ,Vs be finitely many connected components of F(G) such that K C Uj=i ^^'^ 
n -fC ^ for each j — 1, . . . ,s. We set V — Uj=i ■ each j = 1, . . . ,s, we take the hyperbofic 
metric pj on Vj and let Wj be the e- neighborhood oi KCiVj with respect to pj. Let W — Uj=i ^j- 
Then G{W) C W^. Let L G Cpt(F(G)). Since ivT is an attractor for (G, F, F{G)) and P"^ is compact, 
it follows that there exists an n e N such that for each 7 G P'^, 7„,i(L) C W. Let j G {1, •••,«} and 
let g ^ G. Since K is an attractor for (G, P, F{G)), we obtain that if .g(Vj) C Vj, then ||;j < 1 

for each z G Vj, where || • \\h denotes the norm of the derivative with respect to pj. Moreover, for 
each 7 G P'*' and each z ^ V, there exist p, g G N with 1 < p,q < s and an i G {1, . . . , s} such 
that 7g,i(z) G Vi and ^p+q^i{z) G Vi. From these arguments, the statement of our lemma easily 
follows. □ 

Lemma 5.40. Let F G Cpt(Rat) with ttJ((P)) > 3. Let G = (P). Suppose that there exists an 
attractor K for (G, F, F{G)). Moreover, suppose that JkcrlG) = 0. Then, there exists a neighborhood 
U ofTin Cpt(Rat) such that for each P' G U, P' is mean stable and Jkcr((F')) = ^■ 

Proof. Since Jkcr(G) = 0, for each point z G C, there exists an element g & G such that g{z) G 
F{G). From Lemma fS-SOl it follows that G is mean stable. The rest of the statement of our lemma 
easily follows from Lemma 13.621 and Remark 13.611 □ 

Definition 5.41. Let G be a rational semigroup. We set 

A{G) := G({z G C I 35 G G s.t. g(z) = z, \m{g,z)\ < 1}). 

Lemma 5.42. Let F G Cpt(Rat+). Let G — (P). Suppose that G is semi- hyperbolic and F{G) ^ 0. 
Then, A(G) is an attractor for {G,T, F{G)) and for each L G Cpt(i^(G)), 

sup{d(7„-- - ,7i(z),A(G)) I z G L, (71, . . . , 7„) G P"} ^ as n 00 (10) 

and there exists a constant G > and an < rj < I such that 

sup{||(7n • • •7i)'(2)||s I z G L, (71, . . . ,7„) G P"} < Gry" for each n G N, (11) 

where [| • ||s denotes the norm of the derivative with respect to the spherical metric of C 

Proof. Since G is semi-hyperbolic and F{G) ^ 0, [29l Theorem 1.26] implies that A{G) is a non- 
empty compact subset of F{G). Moreover, by the definition of A{G), we have that h{A{G)) C A{G) 
for each h G G. Let Vi, . . . ,Vs be finitely many connected components of F{G) such that A{G) C 
Uj=i ^■iid Vjr\A{G) ^ for each j = 1, . . . ,s. We set V — Uj=i ^j- e&ch j — 1, . . . ,s,we take 
the hyperbolic metric pj on Vj. Let j G {1, . . . , s} and let g ^ G. Since G is semi- hyperbolic, we 
obtain that ii g{Vj) C Vj, then ||(7'(z)||/i < 1 for each z G V,, where || • denotes the norm of the 
derivative with respect to pj. Moreover, for each 7 G P'*' and each z G V", there exist p,q €N with 
1 £ Pi 9 ^ s and an z G {1, . . . , s} such that 7^1(2) G Vi and 7p+q_i(z) G Vi. From these arguments, 
it follows that if L is a compact neighborhood of A{G) in V, then there exists a constant G > 
and a < 77 < 1 such that the inequality © holds. In particular, for any z G and any 7 G F^, 
d{'Jn,i{z), A{G)) — >■ as n — 7- 0. We now take arbitrary point w G F{G). Let p G F^ be arbitrary 
element. By [2H Theorem 1.26] again, we have UgeGff('"') ^ compact subset of F{G). Hence, 
there exist r, s G N with r < s and a L/ G Con(f (Gj) such that the two points Ps^i{w) and Pr^i{w) 
belong to U. Then ps^r+i{U) C U. Since G is semi-hyperbolic, it follows that U n A{G) ^ 0. 
Therefore, d{pn,i{w), A{G)) — > as n — > 00. From these argument, we obtain that A{G) is an 
attractor for (G, F,F(G)). By Lemma [5.391 the statement of Lemma 15.421 holds. □ 
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We now prove Proposition 13.631 
Proof of Proposition I3.63t Combining Lemma 15.421 and Lemma 15.401 the statement of our 
proposition holds. □ 

We now prove Proposition 13.651 
Proof of Proposition I3.65t From the definition of mean stabihty, it is easy to see that Sr C 
G*{V) C F{Gr)- Combining this with Theorem 13.1 5l l^ and Theorem 13. 151 171 we easily obtain that 
statement [5] and statement [3] hold. □ 

Remark 5.43. Let T e Cpt(Rat+) and let G = (F). Let r £ 9Jli,c(Rat+) with F^ = F. Suppose 
that G is semi-hyperbolic and F{G) ^ 0. Then, by Lemma [5.421 and the arguments in the proof of 
Theorem 13.151 regarding Mr ■ C{A{G)) G{A{G)), statements which are similar to statements 
[IHEHIlin Theorem [3311 hold. 

5.7 Proofs of results in subsection 13.71 

In this subsection, we give the proofs of the results in subsection 13.71 We need some lemmas. 
Lemma 5.44. Let t G »li,c(Rat). Then, dim//(J°t(r)) < MHD(t). 

Proof. Let / : X-r x C — > Xr x C be the skew product associated with F,-. Suppose that MHD(t) < 
dimniJ^tiT)). Let t G M be a number such that MHD(r) < t < dimjj ( jOt(T)). Then H\J°t{T)) = 
oo, where H* denotes the i-dimensional Hausdorff measure. By Theorem 5.6], there exists a 
compact subset F of J°t(T) such that < H\F) < oo. Let z/ = H*\f. Since MHD(t) < t, for 

f-a.e. 7 S Xr, i'{J-y,r^) = 0. From Lemma [4.51 and Lemma [4.91 it follows that for ly-a.e. y ^ F, 
y e -Fpt(r). However, this is a contradiction. Thus, dim^f ( J°t(T)) < MHD(r). □ 

Definition 5.45 ([IS])- Let G be a rational semigroup. We set E{G) := {z G C | jJG^^(z) < oo}. 
This is called the exceptional set of G. 

Remark 5.46. Let A G Cpt(Rat+) and let G = (A). Then by |1] Theorem 4.1.2], E{G) C F{G). 

Lemma 5.47. Let r G 9Jli.c(Rat). Suppose that Leb2(j.y,r^) = for f-a.e. 7 G Xr, and that 
there exists a weak attractor A for {Gr, F^., F{Gr)). Then, we have the following. 

1. for Leb2-a.e. z G C, f ({7 G X, | z G J^.r.}) = f ({7 G X, 1 z G 71"' ' ■ ■ lj\ Ji.Gr))}) = 
0. Moreover, Leba (J°t(T)) = 0. 

2. Jker(GO C 4t{T). 

3. F™ea.(T) - OTi(C) if and only if Jkor{Gr) = 0. // JkcAGr) 7^ 0, then J,neas{T) = 97ll(C). 

4. If, in addition to the assumption, jJF,- < 00, then we have the following. 

(a) G-i(Jker(G.)) C JO (r). 

(b) If^{J{Gr)) > 3 and A^,{Gr) \ E{Gr) ^ 9, then Jptir) = J(G^). 

Proof. Statement [1] follows from Lemma |4?5] and Lemma l4!9l We now show statement [2] Let zq G 
JkciiGr). Let (f G G(C) be an element such that supp (p C C\A and (p = 1 around a neighborhood of 
■/ker(Gr). Then for each m G N, Af™((/p)(zo) = 1. Moreover, by statement^ there exists a sequence 
{^n}'^=i in C such that z„ zg as n — > 00 and such that for each n G N, t({7 G Xr \ z„ G 
nT=i -fi' ■ ■ ■ li'iJiGr))}) = 0. Hence, for each n G N, M™(v?)(z„) = /^^ ^hm.iizn)) df{-/) ^ 
as rn —!> cxD. It implies that Zq G J^^ij). Thus, we have proved statement [5J 

We now prove statement [31 Combining statement [5] with Theorem 13.141 we obtain that 
i^meas(-r) = mi{t) if and only if Jkor(G^) = 0. Suppose that Jkcr(Gr) ^ 0. Let (/? G G(C) 
be an element such that (ys = 1 in a neighborhood of Jkcr(GT) and = in a neighborhood 
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of A. Let p G 9Jli(C) be an element and let B be a neighborhood of p in 9}Ti(C). By state- 
ment [U there exists an element pq € B such that po = where ai G Jkcr(GT), 
f({7 e X,- I flj G '^tTtD = for each j — 2,...,r, and pj > for each j — l,...,r. Then 
(A^*)"(/9o)(<<2) — Y^^j=iPi^zj{MJ^{Lp)) — > pi > as n — > cxD. Moreover, by statement [H for any 
neighborhood i?o of po in 5^1 (C), there exists an element pi e Bq such that pi = X]5=i9j^fciJ 
where f ({7 6 \ hj € J^,rJ) = and > for each j = l,...,t. Then (M;^)"(pi)((^) ^ 
as n — >■ 00. Hence, po G Jmeas{T)- Since B is an arbitrary neighborhood of p, it follows that 
P G Jmeas{T)- Thus, we have proved statement [3l 

We now prove statement l4al We write r as J2*j=iPj^hj, where < pj < 1 and hj £ Rat for 
each j = 1, . . . ,t. Let zq G (ft-i^ • • • Jkcr(Gr))- Let (/3 G C(C) be an element such that tp > 0, 

(y9 = 1 in a neighborhood of Jkor(Gr) and 1^9 = in a neighborhood of A. Then for each to G N with 
TO > r + 1, 

M'^{ip){zo) >Pi,. ■■■Pit j ^{im ■ ■ ■ Ir+ihi^ ■■■hi^{zo)) dr (jm) ■■■ dr (jr+i) > Pi^ ■ ■ ■ Pn > 0. 

Moreover, by statement [1] there exists a sequence {z„}^]^ in C such that 2;„ — > zq as n — ?► cxd and 
such that for each n G N, f{{-f & Xr \ Zn & Hjli li^ ' ' ' Jj^iJiGr))}) — 0. Hence, for each n G N, 
M™{(p){zn) "> as m 00. It implies that zo G Jptir). Thus, we have proved statement l4al 

We now prove statement I4bl Under the assumptions of statement I4bl by statement Hal and [2H1 
Lemma 2.3 (e)], we obtain that J{Gr) = Gr ^( Jkcr(Gr)) C Jptir). Combining this with Lemma l42l 
El we get that Jpt{T) = J{Gr)- Therefore, we have proved statement libl □ 

We now prove Theorem 13.711 
Proof of Theorem [3?nl Combining Lemmas [STi^ [CTl , [CTTl and Remarks [XTCl [5701 ISliSl 
the statement of Theorem 13 . 7 1 1 holds . □ 



5.8 Proofs of results in subsection 13.81 

In this subsection, we give the proofs of the results in subsection 13.81 We need some lemmas. 

We now give proofs of Lemmas 13.731 and 13.751 
Proof of Lemma I3.73t By Lemma [4.11 J{G) — UjLi f^J^i'HG))- Hence, the statement of our 
lemma holds. □ 
Proof of Lemma [SHU By [HI Theorem 2.3], int(J(G)) = 0. By Lemma [^31 Jkcr(G) = 0. 
Let f G (LS(iY/,^(C)))„c- By Theorem [XIMTl ip G Cf(g){Q- Moreover, by Theorem [SUMini 
there exists an / G N such that M|((p) = ip. By Theorem [5J51151 tJJ(G) > 3. By [IHl Lemma 
2.3 (d)], it follows that ftE{G) < 2. Moreover, since G-^{E{G) n J(G)) C E{G) n J(G) and 
h-\j{G)) n h-\j{G)) = for each with i ^ j, we obtain that E{G) n J(G) ^ 0. 

Suppose that there exists an open subset y of C such that V f) J{G) ^ and ip\v is constant. 
We will deduce a contradiction. Let zq G J(G) be any point. Then zq n J(G) \ E{G). By PH 
Lemma 2.3 (b) (e)], there exists an rt G N, an element (ji, . . . ,ini) S {I7 ■ ■ • j to}"', and a point zi G 
J{G)r\V such that ■■■hj^{zi) = zq. Then for each (ii,...,i„/) G {1, . . . , to}"' \ {(ji, . . . , j„/)}, 
^i^i ' ' ■ hit{zi) G F{G). Combining this with Ml.{(p) — ip and </? G Gi?(G)(C), we obtain that there 
exists a neighborhood W of Zi such that <p|g(n/) is constant, where g — hj^^ ■ ■ ■ hj-^. Therefore ip 
is constant in a neighborhood of zq. From this argument and that (p G Gj?((3)(C), it follows that 
(y5 ; C — >■ C is locally constant on C, thus : C — )■ C is constant. However, this is a contradiction. 

Thus, we have proved Lemma 13.751 □ 

Lemma 5.48. Let to G N with to > 2. Let h = {hi, . . . ,hm) G (Rat^-)™ and we set F := 
{hi, h2, ■ ■ ■ , h„i}. Let G — {hi, . . . , hm) ■ Let / : F^ x C — > F^ x C he the skew product associated 
with F. Let p = {pi, . . . ,pm) G Wm. Let t := J2'jLiPj^hj G 9Jti(F) C S[Jli(Rat+). Suppose that 
h~^{J{G)) n hJ^{J{G)) = for each {i,j) with i ^ j. Then, we have all of the following. 
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1. Let (7, 2:0) £ J{f) and let t > 0. Suppose that there exists a point zi € J{G) \ P{G) and a 
sequence in N such that ^n,A{^o) ^ zi and p(/"j"i(7, zq)) •• -^(7, 2o)||7n^,i(-Zo)||* ^• 
00 as j ^ 00. Then, for any ip £ (LS(W/.r (C)))„c, limsup^^^^ ^'^!j(z7zo)'°"'^ ~ where d 
denotes the spherical distance. 

2. Suppose that for each j = l,...,m, 1 < min{|jft,^-(z)||s | z G hJ^{J(G))}. Then, for each 

zq £ J{G) and for each ip £ (LS(W/^r(C)))„c, limsup^^^^^j ^^'''d{z^o)°^^ ~ °° '^'^'^ ^'^^ 
differentiable at zq. 

Proof. We first show statement[TJ Let 5 := minj.gp(Q) d{x, zi) > 0. We may assume that 7„j,i(zo) £ 
B{zi, j) for each j £ N. By Theorem l3.15lfTUl there exists an ^ £ N such that for each ip £ 
LS(W/^^(C)), Mj(^) = ip. We may assume that for each j £ N, l\nj. Since h-\j{G))nh-\j{G)) = 

for each {i,j) with i ^ j, there exists a number rg > such that for each {i,j) with i ^ j, ii 
z £ h~^{J{G)), then hj{B{z, tq)) C F{G). Let r be a number such that < ir < S. For each j £ N, 
let aj : B{zi,6) — >■ C be the well-defined inverse branch of 7„j,i such that aj{jnjA{zo)) — zq. By 
the normality of {aj : B{zi,S) — > C}jgN (see [IS]), taking r so small, we obtain that for each 
j £ N, the set Bj :— aj{B{'jnj,i{zo),r)) satisfies that diam {"fk,i[Bj)) < ^ for each k — 1,. . . ,nj. 
Let {wi,W2, ■ ■ ■) £ {!,..., to}^ be the sequence such that -fj = h^. for each j £ N. It follows that 
for each j £ N and each (wi, . . . , u„ J £ {1, . . . ,m}"^ \ {{wi, . . . , w„J}, • • • hu^{Bj) C F{G). 

Hence, for each j £ N, each a, 6 £ Bj, and each ip £ (LS(W/^r)(C))„c C Cj?(g^)(C), 

p}{a) ~ip{b) ^Pn,„^ • • •Pi«i(¥'(7n,,i(a)) - (y5(7„^4(6))). (12) 

Let (p £ (LS(i^/^r)(C))„c- By Lemma [3.751 there exists a point v £ i3(2i, §) such that (^5(21) 7^ v(^^)- 
Let jo £ N be such that for each j £ N with j > jo, B{zi, ^) C B{'-^nj,i{zo)Tr). For each j £ N 
with j > jo, let 6j :— aj{v) £ Bj. By the Koebe distortion theorem, there exists a constant 
C > such that for each j £ N with j > jo, d{zo,bj) < C||7^^. ^(zo) || J^. Furthermore, since 
(p £ C(C), there exists a number ji £ N with ji > jo such that for each j £ N with j > ji, 
\'f{lnj,i{zo)) — 'fiiv)] > ^\ip{zi) — 'p>(v)\. From these arguments, it follows that for each j £ N with 
J > Ji. 

d[zo,hjY d(zo,bjY 

- 2^^"""^- - ' -P^^\\^'n,,li^^)\\lMzi) - -^00 (j->00). 

Thus, we have proved statement [T] 

Statement [5] easily follows from statement [TJ 

Thus, we have proved our lemma. □ 

Lemma 5.49. Let m £ N with m > 2. Let h — {hi, . . . , km) £ (Rat+)'" and we set F 
{hi,h2,...,hm}. Let G = (/ii, . . . , Let p = (pi,...,p„0 £ Wm- Let f : x C ^ T^^ x C be 
the skew product associated with F. Let t :— X^JLiPi'^'ij ^ 9^1 (F) C 9Hi(7'). Let (7,2:0) £ J{f) 
and let t > 0. Suppose that G is hyperbolic and h'^^[J{G)) Pi hJ^{J{G)) — for each {i,j) with 

1 ^ j. Moreover, suppose that p(/"^-'-(7, Zg)) • • '^(7, Zo)||7,'j i(2o)||* — > as n — > cx). Then for each 
p> £ LS(Zi/,.(C)), hmsup,^,, = 0. 

Proof. By Lemma [3. 731 Jker(G) = 0. By Theorem 13.1 SIfTOl there exists an Z £ N such that for each 
tf £ \jS{Uf^r{C)), M\.{(p) = ip. For each w = [wi, . . . ,wi) £{!,... we set /i^ := hw, o- ■ -ohwi. 

Then for each £ {!,..., to}' with a ^ /3, h'^ {J (G)) n h^^ (J (G)) = 0. Let ro > be a number 
such that for each a,l3 e {l,...,m}' with a 7^ /3, if z £ h'^^{J{G)), then hp{B{z,ro)) C F{G). 
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Since G is hyperbolic, we may assume that B{J{G),ro) C C \ P{G). We may assume that 2ro < 
min{c?(a, 5) | a £ J{G), b € P{G)}. We may also assume that for each ^ G {1, . . . , m}' and for each 
z e h^^{J{G)), : B{z,ro) — > C is injective. We set 

ci := ^ min{min{|l/j'j2)L"' m}', z € B{h-\j{G)),ra)}, \}. 

By Theorem 2.14 (2)], zq G •A^- Hence, for each s > 0, there exists an n e N such that 
diam(7„;.i (i3(zo, s))) > ciTq. Let n(s) be the minimal number of the set of elements n which 
satisfies the above. Then diam(7„(s); i (i3(zo, s))) < Let e > be a number. Let {wi, W2, . . .) G 
{1, . . . ,m]^ be the sequence such that 7j — h^. for each j G N. There exists a positive integer 
no such that for each n G N with n > uq, Pw„i ■ ■ -Pwi Wl'ni iC-^o)!!* £ £• For this no, there exists an 
So > such that for each s with < s < so, n(s) > no. Let s be such that Q < s < sq. Let Q!„(s) : 
■S(7n(s)i,i(-^o), ?'o) C be the well-defined inverse branch of 7„(s)i,i such that a„(s) (7n(s)i,i(^o)) = 
Zq. We have a„(s)(S(7„(5)i^i(zo), tq)) D B(zo,s). Since diam(7„(^ );^i(g(zo, s))) > ciTq, by [211 
Theorem 2.4], we obtain mod(i?(7„(s)/ i(zo), ro) \ 7ri(s);.i(S(zo, s))) < c'j^, where mod(-) denotes 
the modulus of the annulus, and c'l is a positive constant which depends only on ci. Thus we 
obtain mod(a„(5)(i?(7„(s);_i(zo), ro)) \B{zo,s)) < c[. Hence, by the Koebe distortion theorem, 
there exists a constant C2 > 0, which is independent of s, such that ■j||Q!^(g)(7n(s)i,i(-zo))||s < 
C2- Hence i < ||7^(^-) i(^:o)||sC2- Combining these arguments and that LS(Z///,r(C)) C Cf(c){'C) 
fTheorem l3.15l fT|). it follows that for each z G B(zo, s) \ B{zo, |) and each ip G LS(W/_r(C)), 

\ip{z) - (p{za)\ 1 I , / \\ f ^ \M 



d{z,zoy d{z,zoy 
2* 



■p.uM\oo < 2i+*||^|U4||7;(.)i,i(^o)H*P^„(.„ • • -P^i < 2i+*||^|U4e. 

Since 2^+*c| is independent of s with < s < so, we obtain that for each a G N, for each 
z G B{zo, f ) \ B{zo, and for each ^ G LS(Z^/,,(C)), I'^g"^^^)^^' < 2^+'M^4e. Hence, for 

each z G B{zo,sa) \ {zq} and each ip G LS(W/,r(C)), ''^'^(^ ^' < 2^+* ||^||oo4e. Thus, we have 
proved our lemma. □ 



Wc now prove Theorem 13.881 
Proof of Theorem l3.88t By Lemma fS.ySl and Proposition l3.631 G is mean stable and Jkor(G) = 0. 
By Theorem I3.15IITU1 there exists an / G N such that for each ip G LS(Z^/^t-(C)), Ml{ip) = p. Let 
/ : r'^ X C — > r'*' X C be the skew product associated with F. Let t > he a. number such 
that (max^iPj) • (max{||^(2)||, | j = l,...,m,z G h-\j{G))}Y < 1. Then for any ei > 
there exists a number no such that for each (7,^0) £ Jif) each n G N with n > no, 
p(/"'~^(7, zq)) ■ ■ •i5(7, zo)||7,'i; i(^o)||s < £i- By using the argument in the proof of Lemma [5.49[ we 
obtain that for any £2 > 0, there exists a number sq > such that for each (7, zo) G J{f)j for each 
z G B(zo,so) \ {^o}, and for each ^ G LS(Z^/,^(C)), ^"^^^{7^0^^^ - «2ll<^ll°°- Combining this with 
the fact TT^{J(f)) = J{G) (see Lemma 1475]) . it follows that there exists a constant C > such that 
for each zi, Z2 G J{G) and each Lp G LS(Z^/>(C)), |v3(zi) — p{z2)\ < C\\p\\ood{zi, Z2y ■ Take any two 
points wi,W2 G C. For any two points a, 6 G C, let ab be the geodesic arc from a to 6 with respect 
to the spherical metric. If W1W2 is included in -F(G'), then by Theorem l3.15l fTl p{wi) = ip{w2) 
for each (p G LS(W/_r(C)). Suppose that W1W2 is not included in F{G). Then there exists a point 
W3 G W1W2 n J(G) such that wTvJs \ {wa} C F{G), and there exists a point Wi G W1W2 H J(G) 
such that u'4W2 \ {^4} C F(G). By Theorem 13.151 111 1^9(^1) = 1^5(^3) and p^iw^) — p(w2), for 
each ip G LS(Z///^T-(C)). Therefore, for each p} G LS(Z^/^^(C)), \p^{wi) — p{'W2)\ = \p{w3) — p{w4)\ < 
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C\\ip\\ood{'W3,W4Y < C\\(p\\ocd{wi , ■ Therefore, for any ip S LS(Z///,r (C)), (p : C C is t-H61der 
continuous on C. 

Thus, we have proved Theorem 13.881 □ 

In order to prove Theorems 13.8213.841 we need a propositfon and some lemmas. 

Proposition 5.50. Let m G N with m > 2. Let h = {hi, . . . , hm) € (Rat+)'" and we set T := 
{/ii,/i2,. . .,h„i}. LetG= {hi,...,hm)- Letp = (pi,. . . G W™. Let f : T^^ xC ^ xC be the 
skew product associated with T. Let t := J2]LiPj^hj G 9^1 (r) C 9ni(Rat+). Let v G 9Jli(J(/)) he 
an f -invariant ergodic Borel probability measure. Let v :— (7rjj,),t(£'). Suppose that G is hyperbolic 
and h~^{J{G)) H hJ^[J{G)) = for each {i,j) with i ^ j. Then, there exists a Borel subset A 

of J{G) with i'(A) = 1 such that for each zq G A and each ip G (LS(W/^t-(C)))„c, H61((/5, zq) = 
u{h,p, v). 

Proof. Let to := u{h,p, v). Let t < to- Then Jj^^^ fog(p(z)||/'(z)||*)dz>(z) < 0. By Birkhoff's ergodic 
theorem, there exists a Borel subset At of J{f) with £'(Af) = 1 such that for each z G At, 

ilog(p(r-i(z))...p(z)||(r)'(z)||*)^ / log(p(z)||/'(z)||*) asn^c^. 



Hence, for each z G At, p{f'^ ^{z)) ■ ■ •p(z)||(/")'(z)||* ^ as n -> oo. Let At := TT^{At). From 
Lemma r5.49l it follows that for each zo G At and for each (p G (LS(W/.r (C)))„c, lim^-j.^^ ~ 
0. 

We now let s > tQ. By using an argument similar to that of the above, we obtain that there exists 
a subset of J(/) with i>{Bs) = 1 such that for each z G B^, • • •p(2)||(/")'(z)||f ^ oo 

as n — > oo. Let 5^ = 'k^{Bs). From Lemma f5.48[ it follows that for each zq G Bg and for each 

ip G (LS(W/,t(C)))„c, limsup2_j.2p ^'^d(l~z^)°°"'^ = Let {tnj^i be a strictly increasing sequence 
in K such that t„ — to as n ^ oo, and let {snjJ^Li be a strictly decreasing sequence in R such that 
Sn ^ to as n — i> oo. Let v4 := Pl^i Pl^i ^s„- From the above arguments, it follows that 

v{A) — 1 and for each zq G A and for each p G (LS(W/^r (C)))„c, H61(93, zo) — u{h,p,i>). Thus, we 
have proved our proposition. □ 

Lemma 5.51. Let h =^ {hi, . . . , hm) G V"^ and we set T :— {hi, h2, . ■ . , hm}- Suppose that hi ^ hj 
for each {i,j) withi^ j. LetG= {hi,.. . Letp = {pi,.. . ,p„,) G W,„. Let / : F'^ x C ^ F^ xC 

be the skew product associated with F. Let t := J^JLiPj^hj G 9Jli(F) C 9Jli(7'). Let /i G 9Jti(J(/)) 

be the measure defined by {^,<p) := J-pn{Ji^(p{'-f, z)dfi^{z))df{'-f) for any p> d C {T^^ x C) , where pL^ is 
the measure coming from Definition \3. 78\ Then, p is an f -invariant ergodic measure, T:^{p.) — f, 
and II is the maximal relative entropy measure for f with respect to (cr, f ) (see Remark \3.79^ . 

Proof. By the argument of the proof of [ITl Theorem 4.2(i)], fi is /-invariant and ergodic, and 
7r*(/i) = f . Moreover, by the argument of the proof of [ITl Theorem 5.2(i)], we obtain hfj_{f\a) > 
/ logdeg(7i)(if(7) = ^^^iPj^ogdeg{hj). Combining this with [551 Theorem 1.3(e)(f)], it follows 
that fi is the unique maximal relative entropy measure for / with respect to (cr, t). □ 

Lemma 5.52. Let h = {hi, . . . , hm) G "P™ and we set F := {hi, /12, • . . , hm}- Suppose that hi ^ hj 
for each {i,j) with i ^ j. Let p ^ (pi, • ■ • ,Pm) G Wm- Let t YTj^iPj^h^ G 2ti(F) C Mi{V). Let 
f : F'^ X C — > F*^ X C be the skew product associated with F. Let ji be the maximal relative entropy 
measure for f with respect to {a, f). Then J^nxc ll/'lU'^f = PJ deg(/ij)-|- /p,, n{'y)df{'j). 

Proof. For each 7 G F^, let ^(7) = deg(7i) and R{'y) := lim2_>.oo(G^(z) — log|z|). Moreover, we 
denote by 0(7) the coefficient of highest order term of 71. Since 3^G^(^)(7i(z)) = Gj{z), we obtain 

that i?((T(7)) + log |a(7)| = d{j)R{j) for each 7 G F'*^. Moreover, since dd'^{j^ log \w — z\d^y{w)) — 
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I2j and log \w — z\d^-y{w) = log \z\ + o(l) as z oo (see [12), we have log \w — z\d^j{w) = 
Gry[z) — i?(7) for each 7 £ and 2; € C. In particular, 7 ^ R{j) is continuous on F"^. By using 
the above formula, we obtain log \^[{z)\d^^{z) = log |a(7)| +logd(7) — (^(7) — l)i?(7) + fi(7) for 
each 7 G F'*'. In particular, 7 h-> log |7j(z)|£i/i^(z) is continuous on F^. Furthermore, CT*(f ) = f . 
From these arguments and Lemma 15.511 we obtain 

log|/'|dA*= / df{-f) J^\og\-f[{z)\dfj,^{z) 

(log |a(7)| + logd(7) - (d(7) - l)i?(7) + ^^(7)) ^^(7) 

(i?(7) - i?(fT(7)) + logd(7) + ^^(7)) dT(7) 

pN 

m p 

" f^(7)rf^(7)- 



/ (logrf(7) + ^h))df{l) = Vpj logdeg(/ij) + / 



Moreover, since /i is /-invariant, and since the Euclidian metric and the spherical metric are 
comparable on the compact subset J(G) of C, we have Jj,„^^\og |/'|c?/i = /pN^clog H/'Hs^M- 

Thus, we have proved our lemma. □ 

We now prove Theorem 13.821 
Proof of Theorem I3.82t By Lemma 13.731 and Proposition 13.631 Gr = G is mean stable and 
Jk„.(G) = 0. Since G is hyperbolic and hr\j{G)) n ft£^(J(G)) = for each with i 7^ j, [27l 
Corollary 3.6] implies that < dimjj(J(G)) < 2. By [28l Theorem 4.3], we obtain suppA = J(G). 
Moreover, by [551 Lemma 5.1], A({z}) = for each z G J(G). Thus we have proved statements 

mm 

Statement O follows from Proposition 15. 501 

We now prove statement [H Since ^^.^,{p) — f, JpH^^logp dfi = -Pj ^'^S-Pj ■ Combining this 

with Lemma [5.521 it follows that 



Ej" 1 Pj log deg(/ij) + /pH (7) ' 

Moreover, by [28l Theorem 1.3 (f)], h^{f\a) — EJliPj logdeg(/ij). Hence, hf^{f) — h^{f\a) + 
K,{p,){<y) = YJj^iPs logdeg(/ij)-E"li Pj logPj, where /i^(/) denotes the metric entropy of {f,y). 
Combining this with [28l Lemma 7.1], Lemma [5.521 and that : J{f) J{G) is a homeomor- 
phism, we obtain that 

,. EJLiPjlogdeg(/ij) -X;jliPjlogPj ,.„, 

dimij A) = — - — r nf \ ^ ' 

Ej=i Pj logdeg(/ij) + Jps f7(7) dT(7) 

where dim^f(A) := inf {dim^f (A) | A is a Borel subset of J(G), A(A) = 1}. Hence, we have proved 
statement [6l 

We now prove statement [71 Suppose that at least one of items (a),(b), and (c) in statement [71 
holds. We will show the following claim. 
Claim; u{h,p,ii) < 1. 

To prove this claim, let dj := dcg/ij for each j. Suppose EjLi -Pi log(pjdj) > 0. From state- 
mentlH it follows that u{h, p, fi) < (— EjLi Pj ^'^SPj)/iJ2]Li Pj log dj) < 1. We now suppose P* (G) 
is bounded. Then, fi(7) = for each 7 e F^. Combining this with the second inequality in state- 
ment [6l we obtain J2jLiPj^og{pjdj) > 0. Thus, u(h,p,^) < 1. We now suppose that m = 2 and 
P*{G) is not bounded. Then there exists an element a G F^ such that r2(a) > 0. Since 7 ^ ^{l) 
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is continuous on F^, statement [6] implies that u{h,p,^) < iog2+j^°a^(-y)rff(^) < 1- Hence, the above 
claim holds. From the above claim and statements [3HS1 we easily obtain that statement [7] holds. 
Thus, we have proved Theorem 13.821 □ 



We now prove Theorem 13.841 We use the following notation. 
Notation. Let {hi,...,h„,) e (Rat)™. We set S„ {!,..., m}"^ and S;„ ;= U^^i{l> • ■ • > ™P v 
Moreover, for each w = (wi, . . . , Wk) G S^, we set \w\ = k and hw '■= o • ■ • o h^i ■ 
Proof of Theorem [37^41 By Theorem [X^ail G is mean stable and Jkor(G) = 0. Since G is 
hyperbolic, |29j Theorem 2.17] implies that G is expanding in the sense of [31] Definition 3.1]. We 
use the arguments in [21]. We now prove the following claim. 

Claim 1: Under the assumptions of Theorem 13.841 there exists a fc € N and a non-empty open 
subset U oi C such that Utu|«,|=/c ^^i^l^) ^ ^^"^ f*^^ each w,w' e {l,...,m}'^ with w 7^ w' , 

h:;,Hu)nh-}{u)^t 

To prove this claim, since G is expanding, there exists a fc € N such that inf^gj^^^ ^ 

4. By [m Theorem 2.4], we have J(G) = J((/i^ | |w| = k)). Moreover, by Lemmal^H 7rc(J(/)) = 
J{G). Take a number a > such that for each w £ {1, . . . , ra}^ , for each z e J{G), and for each 
well-defined inverse branch ( : B{z,a) ^ C of h^, ||C'(2;)||s < 1/3 for each x G B{z,a). Let b > 
be a number such that 

b < imin{d(z,z') | z G J(G)), z' G h:^} {J (G)) , w , w' G {1, . . . , m}'', w ^ w'}, and b < a. 

Then B{h-^{J{G)),b) D B{h-} (J{G)),b) if |w| = |u;'| = fc and w 7^ w'. Let U := B{J{G),b). 
since h~^{J{G)) C J(G), the above arguments imply that Uto |u,|=/c '''u)^(f^) ^^"^ ^^^"^ '^^'^^ 

w, w' G {1, . . .m}^ with w ^ w' , h~^{U) fl h~}{U) — 0. Thus, we have prove Claim 1. 

Let A {h^ \ \w\ = fc}. Then J((A)) = J(G). Let / : A^* x C ^ A^* x C be the skew 
product map associated with A. For each t > 0, let : G(J(G)) — > G(J(G)) be the operator 
defined by = E|™|=fe Eft„to)=. By W Theorems 1.1, 1,2, Lemma 4.9], 

there exists a unique element v G 2'ti(J(G)) such that L'^v = i/. Moreover, by [31] Theorem 
1.2], < H\J{G)) < 00 and = /{H\J{G))). Furthermore, by [HI Corollary 3.6], < 

5 < 2. For each t > 0, let Lt : G(J(/)) -J- G{J{f)) be the operator defined by i^t(</?)(z) = 
Efiy)=zViy)\\fiy)\\7\ and let : G(J(G)) ^ G(J(G)) be the operator defined by = 

S/i (;^)=z ¥'(y)ll'*j(2/)ll7*- By 1311 Theorem 1.1, Lemma 3.6, Lemma 4.7], there exists ato >0 
satisfying the following: 

(a) there exists a unique z>o G 9Jti(J(/)) such that ijjj(i>o) = t'o; 

(b) the limits ao limi_-j.oo -^to(l) G ^{J{f)) and ao lim;_j.oo -^to(l) ^ G(J(G)) exist; and 

(c) po ctai^a G is /-invariant and ergodic, and min2gj(G') ao{z) > 0. 

Let i/Q := {TT^)tii>o) G 93ti(J(G)). Since (ito)'' = ^^o' -^to('^o) = ^o- Hence, by 011 Lemma 4.9], we 
obtain that to = 6,1^0 = v. From these arguments, statements hold. 

We now prove statement [S] From the above argument, olq — a and = ol- Moreover, p :— po 
is /-invariant and ergodic. From Proposition 15.501 it follows that there exists a Borel subset A 
of J(G) with H^{A) = H^iJiG)) such that for each zq G A and for each (p G (LS(^Y/,^(C)))„c, 
Hol(</j,zo) — u{h,p,p). Moreover, by [211 Lemma 4.7], a o vrg = a. Therefore, statement [5] holds. 

Thus, we have proved Theorem 13.841 □ 

6 Examples 

We give some examples to which we can apply Theorem l3.141 Theorem l3.151 Theorem l3.221 Propo- 
sition [3^ Theorem 13311 Theorem |3Jl Proposition [SJl Theorem [SUl Theorem [3H Corol- 
lary Em and Theorem [3^ 



49 



Proposition 6.1. Let fi £ V . Suppose that int(if(/i)) is not empty. Let b G mt{K{fi)) be a 
point. Let d be a positive integer such that d > 2. Suppose that (deg(/i), d) ^ (2,2). Then, there 
exists a number c > such that for each A £ {A G C : < |A| < c}, setting fx — (/a,i,/a,2) — 
(/i, A(z — bY" + b^ and G\ := (/i, /a,2)> we have all of the following. 

(a) fx satisfies the open set condition with an open subset Ux o/C (i.e., fxiiUx)^f\2iU\) C Ux 
and fx.liUx)nf^^l{Ux) = %), /,:1(J(Ga)) n /^J( J(Ga)) = 0, ^ni{J{Gx)) = 0, Jkcr(GA) = 0, 
GA(i^(/i)) C i^(/i) C \ni{K{fx,2)) and ^ if (A) C k{Gx). 

(b) If K{fi) is connected, then P*{Gx) is bounded in C. 

(c) If fi is semi-hyperbolic (resp. hyperbolic) and K{fi) is connected, thenGx is semi-hyperbolic 
(resp. hyperbolic), J(Gx) is porous (for the definition of porosity, see JEBI), and diiJiHi J (Gx)) < 
2. 

Proof. Conjugating fi by a Mobius transformation, we may assume that 6 = and the coefficient 
of the highest degree term of /i is equal to 1. Let r > be a number such that -8(0, r) C mt{K (fi)) . 
We set di := deg(/i). Let a > be a number. Since d > 2 and (d, di) ^ (2,2), it is easy to see 



that (^)3 > 2 (2(i)3^) if and only if 



d(d~l)di „ „ 1 , 1 1 , , 

i°g"< :7T:r-^(i°g2--iog---iogr). (u) 

d + di — did di 2 d 

We set 

Let < c < Co be a small number and let A e C be a number with < |A| < c. Put 
fxA^) = ^z'^- Then, we obtain K{fx,2) = £ C | |z| < (|^)^} and 



r 



/r^({zGC||z|=r}) = {zeC||z| = (-)^} 



Let Da := 5(0, 2(|i| ) "^-i ). Since fi{z) = z'^i(l + o(l)) (z oo), it follows that if c is small enough, 
then for any A G C with < |A| < c, 

/r'(^A)c|zGC||z|<2(^2(^)^ 

This implies that 

fi\Dx)cf^^^i{zeC\\z\<r}). (16) 

Hence, setting Ux := (int(7f(/A,2))) \ if(/i), fi'{Ux) U fxM^x) C Ux and fi\Th) n .fx,l(lh) = 
0. We have J(Ga) C Ux C K{fxa) \ int(A'(/i)). In particular, fx\{J{Gx)) n /aJ(J(Ga)) = 
and (int(X(/i))) U (C \ K{fx,2)) C F(Ga). By [27l Theorem 2.3], int(J(GA)) = 0. Moreover, 
by Lemma 13.731 we obtain that Jycr{Gx) = 0- Furthermore, ([T6l) implies that fx.2{K{fi)) C 
int(if(/i)). Thus, GA(if(/i)) C if(/i) C int(if(/A,2)) and ^ if(/i) C X(Ga). 

We now assume that K{fi) is connected. Then we have P*{Gx) = UgsG* '-^ 
GV"*(/a,2)) C K{fi), where GV^*(-) denotes the set of all critical values in C. Hence, P*{Gx) 
is bounded in C. 

We now suppose that /i is semi-hyperbolic and K{fi) is connected. Then there exist an G N 
and a 5i > such that for each x G J{fi) and for each n G N, deg(/f : V — ?> B{x,Si)) < N 
for each connected component V of f^"'{B{x, Si)). Moreover, fx2i'Hfi)) ^ K{hi) = and so 
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fx2^J{fi)) C C\P{G\). From these arguments and [29l Lemma 1.10], it follows that there exists 
a < S2{< Si) such that for each x S J{fi) and each g € Gx, deg{g : V — >■ B{x,S2)) < N for 
each connected component V of g'^{B{x,S2))- Since P*{Gx) C K{fi) again, we obtain that there 
exists a < 63{< 62) such that for each x £ J(Ga) and each g g Gx, deg{g : V B{x,S3)) < N 
for each connected component V of g~^{B{x,S3)). Thus, Gx is semi-hyperbolic. Since J{Gx) C 
fr\Ux) U /;;;2(C^) g f^A, [22 Theorem 1.25] implies that J(Ga) is porous and dim^ (J(Ga)) < 2. 

We now suppose that /i is hyperbolic and K{fi) is connected. Then we may assume that the 
above N is equal to 1. Therefore, Ga is hyperbolic. 

Thus we have proved our proposition. □ 

Example 6.2 (Devil's coliseum). Let 51(2;) := — l,g2{z) := /ii := g\, and gi- Let 

G = {hi, /12) and t :— J2i=i \^hi- Then it is easy to see that setting A :— K{h2)\D{0, 0.4), we have 
£1(0,0.4) c mt{K{hi)), h2{K{hi)) c mi{K{hi)), K^^ {Ajyjh:^^ [A) c A, and K[^{A)f]h^^{A) = 0. 
Therefore h^^{J{G)) n h^'^{J{G)) = and / -ftr(/ii) C i^(G). Moreover, using the argument in 
the proof of Proposition 16.11 we obtain that G is hyperbolic. By Lemma (3.731 •.'kci (G) = 0. By 
Theorem 13.221 and Lemma 13.751 we obtain that Tqo^^ is continuous on C and the set of varying 
points of Too,T is equal to J(G). Moreover, by Theorem 13.821 dim//(J(G)) < 2 and for each non- 
empty open subset U of J(G) there exists an uncountable dense subset Ajj of U such that for each 
z £ Au, Too,T is not differentiable at z. See Figures [U [31 and SI To^r is called a devil's coliseum. 
It is a complex analogue of the devil's staircase. 



Figure 2: The Juha set of G = (/ii,/i2), where 51(2;) :— z^ — 1,32(2) '■— z^/4, /ii :— g\,h2 '■— g|. 
We have Jker(G) = and dim//(J(G)) < 2. 




Figure 3: The graph of Too,r, where r — X]i=i ^'^/i; with the same hi as in Figure [2] Too,r 
is continuous on C. The set of varying points of Tao,T is equal to J(G) in Figure [2] A"devil's 
coliseum" (A complex analogue of the devil's staircase). 




We now present a way to construct examples of (/ii,/i2) G such that G = (/ii,/i2) is 
hyperbolic, n'=i hj\JiG)) = 0, and k{G) ^ 0. 

Proposition 6.3. Let 31,52 £ V be hyperbolic. Suppose that {J{gi)\JJ{g2))r\{P{gi)UP{g2)) — 0, 
K{gi) C int(if (32)), o-nd the union A of attracting cycles of g2 in C is included in int{K (gi)) . Then, 
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Figure 4: Figure [3] upside down. A "fractal wedding cake". 




there exists an m e N such that for each n G N with n > m, setting hi,n ~ gf and Gn = (ft.i,n, h2.n) , 
we have that Gn is hyperbolic, h'^^^{J{Gn)) H /i2^^(J(G„)) = 9, and K{gi) C K{Gn)- 

Proof. Let e > be a number such that B{J{gi) U 7(52), 2e) n B{P{gi) U P{g2),2e) 0. Let 
TO S N be a number such that for each n € N with n > to, we have g2{K{gi)) C K{gi), 
nLi5~"(i?(^(.9i)U J(.g2),e)) = 0, Uli 5r"(^(-/(ffi) U J(ff2), e)) C i3( J(gi) U 7(52), e), and 
ULig»"(-g(-P(gi)U ^(.92), e)) C B(P(gi) U P(52),e). Let n > m. Then for each n > to, J(G„) C 
B(J((7i) U J(52),e). Hence J(G»)) n J(G„)) = 0. Since ULi CV(/i,^„) C P(5i) UP(g2), 

we obtain that P(G„) = G* (ULi CV(/i»,„)) C B(P(gi) U P(g2), e), where CV(-) denotes the 
set of aU critical values. Therefore J(Gn) H P{Gn) — 0- Thus G„ is hyperbolic. Furthermore, 
^ K{gi) C K{Gn)- Thus we have proved our proposition. □ 

Proposition 6.4. Let to e N and let g — {gi, . . . ,gm) G P™. Let G = (51, . . . ,gm)- Suppose that 
g~^{J{G)) n g~^{J{G)) = for each (ij) with i ^ j, that G is hyperbolic, and that K{G) ^ 0. 
Then, there exists a neighborhood U of g in P™ such that for each h = (hi, . . . , hm) G U, setting 
H = {hi, . . . , hm), we have that h"^ [J (H)) n hJ^{J{H)) — for each {i,j) with i ^ j, that H is 
hyperbolic, and that K{H) 7^ 0. 

Proof. By Theorem 2.4.1], there exists a neighborhood V oi g such that for each h = 
(hi, hm) e V, setting H = {hi, hm), we have that h~^{J{H)) n hJ^{J{H)) = for each 
{i,j) with i 7^ j, and that H is hyperbolic. Since K{G) ^ 0, there exists a minimal set L for 
(G,C) with L C -ft:(G). By Theorem EHUHl L C A(G) C P(G). Since G is hyperbohc, it follows 
that L C int(i:(G)). Let e > be a number such that B{L,2e) C int(i^(G)). By Lemma \5A2[ 
there exists an Z G N such that for each {ii, . . . ,ii) G {1, . . . , to}', pi, • • • gi^ {B{L, 2e)) C B{L, e). 
Then there exists a neighborhood of g in P™ such that for each {ii,...,ii) G {1,...,to}' 
and for each h ~ [hi, . . . ,hm) & W, h^ ■ ■ ■ hi^{B{L,2e)) C B{L,2e). Hence for each h G W, 
B{L, 2e) C k{{hi, hm))- LetU^VdW. Then this U is the desired neighborhood of g. □ 

We now give an example to which we can apply Lemma I5.48l l2] 

Proposition 6.5. Let ((71,32) G and let {pi,p2) G W2- For each n G N, we set /ii,„ := 
gi,h2,n ■= 92, Gn ■= (/ii,n, /i2,n), and r„ := Y^j^iPjShj „. Suppose that flj^i 57^('^(^i)) = ^' 
is hyperbolic and K{Gi) ^ 0. Then, there exists an m G N such that for each 71 G N with n > m, 



(1) Gn IS hyperbolic, (2) O'^i ^^^(^(G„)) = 0, (3) X(G„) ^ 0, (4) (LS(W/,,(C)))„, 7^ 0, (5) /or 



each j = 1, 2,, 1 < pj min{||ft,^ 
(p G {LS{Uf^r{C)))nc, limsup^ 
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Proof. Since Gi is hyperbolic, by [29l Theorem 2.17], there exists an m € N such that for each 
n S N with n > m, 1 < pj niin{|j/i^- „(z)||s | z e J(G„))}. By Lemma [5.48l l2l our proposition 
holds. ' □ 

Remark 6.6. Combining Proposition 16.11 Proposition 16.31 Proposition 16.41 Proposition 13.631 
and Remark 13.421 we obtain many examples to which we can apply Theorem 13.151 Lemma 13.751 
Proposition [530l Theorem KE^ Theorem KM Corollary KETi and Theorem KM Moreover, 
combining Proposition 16.11 Proposition 16.31 Proposition 16.41 and Proposition 16.51 we obtain many 
examples to which we can apply Lemma |5.481 |2] 

We now give an example of r G ^i^d'P) such that Jkor(Gr) = and such that there exists a 
minimal set L e Min(G'r, C) with L n J{Gr) ^ 0. 

Example 6.7. Let fi € V and suppose that /i has a parabolic cycle a. Let & be a point of the 
immediate basin of a. Let d € N with d > 2 such that (deg(/i), d) ^ (2, 2). Then by Proposition l6.11 
there exists a c > such that for each a G C with < |a| < c, setting /2 := a{z — b)'^ + b and 
G = (/i,/2), we have f^\JiG))n f^^JiG)) = and G(K(/i)) c K{h) c int(7^(/2)). Let 
p = {pi,P2) G >V2 and let r = X]i=iK^/i- Then by Lemma 13.731 Jkci(Gi-) — Jkcr(G) = 0. Since 
G{K{fi)) C K{fi) C int(ii'(/2)), there exists a minimal set L for (Gt-,C) such that L C K{fi). 
Since b belongs to the immediate basin of a for /i, it follows that a C £. In particular, Lr\J{GT-) / 
0. 

We now give an example of small perturbation of a single map. 

Example 6.8. Let D := {z £ C | jz] < 1}. Let i?:CxI[i)— j^Cbea holomorphic map such that 
for each z 6 C, c i— ?► R{z,c) is non-constant on D. We set Rc{z) := R{z,c) for each (z,c) G C x D. 
Let m G N and suppose that Rq has exactly m attracting cycles ai, . . . ,am- For each j, let Aj 
be the immediate basin of aj for _Ro- Then by [9', Theorem 0.1] and Theorem 13.151 there exists 
a So > such that for each < S < Sq, denoting by ts the normalized 2-dimensional Lebesgue 
measure on D{0,S), we have (1) ts is mean stable, (2) JkcrCGr^) = 0, (3) tlMin(Gr^ , C) — m, (4) 
for each L G Min(GT-j,C), there exists a j such that L C Aj, and (5) for each L G Min(Gr5,C), 
■= dimc(LS(ZY/.T-(L))) is equal to the period of aj for Rq. 

We now give an example of higher dimensional random complex dynamics to which we can 
apply Theorem 13. 141 

Example 6.9. Let h G NHM(CP"). Suppose that mt{J{h)) = and there exist finitely many 
attracting periodic cycles ai, . . . , a™ such that for every z G F{h), d(/i"(z), U^i "^i) — as n — > 
oo. Then, there exists a compact neighborhood P of ft. in NHM(CP") such that P is mean stable, 
such that Jkcr((r)) = 0, and such that for any r G 97li(NHM(CP")) with P^ = P, Leb2„(J-y) = 
for f-a.e. 7 G (NHM(CP"))^. For, if P is small enough, then there exists a neighborhood U of 
[jT=i ^3 ™ch that (P)([/) C ?7 C C7 C i^((P)). Moreover, for each z G CP", there exists a 5 G P 
such that g{z) G F{h). Thus P is mean stable and Jkor((r)) = 0. By Theorem l3.141 it follows that 
for each T G Wti(NHM(CP")) with P^ P, Leb2„(J^) = for f-a.e. 7 G (NHM(CP"))^. 

We now give an example of r with Jkcr(Gr) 7^ to which wc can apply Theorem 13.711 

Example 6.10. Let < a < 1 and let gi{z) — z^ . Let & V h& such that J(g2) = {2 G C | 
|z-|-a| = |1 -l-a|}, gi{\) = 1 and 52([l,oo)) C [l,oo). Let / G N with I > 2 and let a C J{g2) be a 
repelling cycle of 32 of period I. Then there exists an to G N such that P{{gT 1 9T)) ^ F{{gTi9T)) 
and 55"(a) C Foo((gi,52)) C -Foo((5r, ffD)- Let hi g'P and /i2 := .g^- Let (^1,^2) e W2 and 
let r := J2i=iPi^hi- Then we have 1 G J^kor(G7-) n dFoo{Gr), Gr is hyperbolic, and a C F^i{t) 
(see Lemma 14. 3p . Thus Too.r is discontinuous at 1, 1 G Jpf{T), and Toot is continuous at each 
point of a (see Lemma r5.251) . Moreover, by Theorem 13.711 we have dim h {Jpt{T)) < MHD(t) < 2, 
Jmeasir) = aHi(C), and Jptir) = J(G.). 
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We now give an example of r with Jkcr(Gr) 7^ to which we can apply Theorem 13.481 

Example 6.11. Let gi{z) = - 1. Let a — ^^/^ ■ Then 51(a) = a e J{gi)- Moreover, -1 is 
a superattracting fixed point of gf. Let b := Then it is easy to see that b belongs to the 

immediate basin Ai of for the dynamics of gf. Let g2 & V he such that J{g2) = {z € C \ \z — b\ — 
a — b}, .92(0) = a and 52(^1) = —1- Let e > be a small number so that b — e belongs to Ai. Let 
c — b — e. Let g^ G V he such that Jigs) = {z € C \ \z ~ c\ — a ~ c} and 53(a) = a. Then b is an 
attracting fixed point of 52, c is an attracting fixed point of 53, {b,c} is included in Ai, {0, c} is 
included in the immediate basin A2 of 6 for 52, and {0, b, —1} is included in the immediate basin 
A3 of c for 53 . 

Let TO G N be sufficiently large and let hi — 5^"', /12 = 5™, and /13 = 5™. Let G — 
{hi,h2,h3). Then UH{G) H J{G) = P{G) n J{G) = {-1}, -1 ^ Jkcr(G) and a £ Jkcr(G). Let 
ipi,P2,P3) £ W3 and let r = ^y Theorem 13.481 we obtain that (1) for f-a.c. 7 G V^, 

Leb2(J',.) = Leb2(J7,r^) = 0, (2) Leb2(Jpt(T)) = 0, and (3) for Leb2-a.e. y G C, T^o^t is con- 
tinuous at y. Moreover, since —1 is a superattracting fixed point of hi and — 1 G ^(^2), setting 
p — {hi, hi, hi, . . .) G X-r, we have —1 G int( Jp^r^) (see |32l Theorem 1.6(2)]). Therefore for each 
P G [jneri^~"ip)^ int(J/3,r^) 7^ 0- Note that UneN^~"(/°) dense in Xr- Thus, (I) for f-a.e. 
7 G Xr, Leb2(J7.r^) — 0, and (II) there exists a dense subset B of Xt such that for each (3 G B, 
int(J^,rJ ^ 0. 
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